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1. Introduction

Collateralized debt is a widely used form of financing. Trillions of dollars are traded daily in
debt collateralized by diverse financial assets, such as sale and repurchase agreements (repos) and
collateralized over-the-counter derivative trades (see Gorton and Metrick (2012a,b) and Copeland,
Martin and Walker (2011)). Many financial institutions use collateralized borrowing as a source
of financing. Some of them are private depository institutions, credit unions, mortgage real estate
investment trusts, and security brokers and dealers.

Existing theories of collateralized debt rely on the borrower not being able to sell the collateral
good or on the borrower exogenously valuing the asset more than lenders for collateralized debt
to be optimal. However, and crucially, the assets that are offered as collateral in collateralized
derivative trades, ”sold” in repos or pledged by specialty lenders to raise funds are assets that
could also be sold in financial markets. Moreover, in contrast to physical assets which are used as
collateral to raise funds, such as family heirlooms that are pawned or real estate used to obtain
credit lines, the intrinsic value of these financial assets is independent of the identity of the assets’
holders. Then, why do so many financial institutions choose to use these financial assets as collateral
instead of selling them to raise funds?

The main contribution of this paper is to provide a microfoundation for the use of financial assets
as collateral by focusing on the borrower’s optimal financing choice. I show that borrowing firms
choose to collateralize financial assets (rather than selling them) when the return on their investment
is not observable to the lenders, the asset is not perfectly liquid, and investment opportunities are
persistent. The non-observability of the investment returns implies that asset transfers, either in the
form of asset sales or collateralized debt, are necessary for the firm to raise funds and invest. Since
financial assets allow firms to take advantage of their investment opportunities, borrower firms value
the financial asset relatively more than the lenders. Therefore, when investment opportunities are
persistent, borrowers want to start the next period with as many assets as possible. If the financial
asset is perfectly liquid, the borrower is indifferent between asset sales and collateralized debt since
he can always repurchase the asset he transfers to the lender in the asset market. When the financial
asset is not perfectly liquid at the end of the period, borrowers maximize the expected asset holdings
with which they start the next period by financing their investments with collateralized debt. When
the asset is used as collateral, borrowers only lose the asset when their projects are not successful
and there is default, rather than with certainty as it is the case with asset sales.

I develop these insights in a dynamic model of optimal funding. In the baseline version of my
model there are two periods, each divided into two subperiods: morning and afternoon. There
are two risk-neutral agents, a borrower (firm) and a lender, a storable consumption good and one
long-term financial asset which pays dividends each afternoon. Each morning, the borrower can
invest in a risky project that pays a random return in the afternoon of the same period. This
project is profitable in expectation but it incurs losses if it is not successful. The borrower has

his investment opportunity before the financial asset’s dividends are paid and, thus, cannot invest



without external financing.

The main friction in the model is that the return on the risky project is private information
of the agent who invested in it. Because the return of the risky project is not observable and the
project may incur losses, the borrower cannot issue unsecured debt and he needs the asset to raise
funds to invest. Therefore, the borrower values the financial asset more than the lender because it
allows him to take advantage of his investment opportunity. If investment opportunities (and thus
the roles as borrower and lender) are persistent, as it is the case in many collateralized debt markets,
the borrower tries to bring as much of the asset as possible to the next morning to raise funds and
investﬂ When the market for the asset is closed in the afternoon, as in the baseline model, a
borrower cannot acquire new assets in the afternoon and, thus, he tries to retain the asset to the
extent possible. The borrower can achieve this by financing his investment with collateralized debt,
where the asset is only seized when the project’s return is low and not transferred with probability
one as it is the case in outright asset sales.

Intuitively, when the borrower values the asset relatively more than the lender in the afternoon,
transferring the asset to the lender is costly for the borrower. For each unit of the asset the borrower
transfers to the lender, the borrower gets at most the lender’s valuation, which is less than his own.
Alternatively, to raise the same amount of funds, the borrower can give the lender consumption
good in an amount equal to the lender’s valuation of the asset. Since the lender’s valuation of
the asset (in terms of the consumption good) is lower than the borrower’s, the borrower finds it
less expensive to increase his funding by transferring consumption goods to the lender rather than
assets. Using the asset as collateral allows the borrower to transfer the asset only in the states in
which he does not have enough resources to repay the lender in consumption good.

The difference in asset valuations between the borrower and the lender in the afternoon, which
is crucial for collateralized debt to be optimal, arises endogenously and it depends on the asset
being less than perfectly liquid in the afternoon. In Section |3 I extend the baseline model and
consider the case in which the agents have probabilistic access to a competitive asset market in the
afternoon of the first period. When the asset is perfectly liquid, and the agents can access the asset
market in the afternoon with probability one, the marginal rates of substitution between the asset
and the consumption good for borrowers and lenders are equalized and the borrower is indifferent
between collateralized debt and asset sales. When the asset is less than perfectly liquid, and there
is some probability that the borrower will not be able to access the asset market in the afternoon,
the borrower values the asset relatively more than the lender and he strictly prefers collateralized
debt over asset sales.

The value of the asset for borrowers is maximized when the asset is perfectly liquid and the asset
market in the afternoon is frictionless. There is a loss of value, an illiquidity discount, associated

with the asset’s illiquidity in the afternoon. Borrowers are the efficient holders of the asset at the

LThis persistence is consistent with the observation that, in many collateralized debt markets, different types of
institutions specialize in borrowing or lending. For example, in the repo market, money market funds are usually
lenders, whereas hedge funds and specialty lenders are usually borrowers.



end of the first period because they can use the asset to raise funds to invest the next morning.
When the asset is not perfectly liquid, some assets remain in the hands of lenders and the asset is
inefficiently allocated at the end of the first period. This misallocation implies that borrowers start
the next period with fewer assets and, thus, can invest less in their projects in the second period,
which reduces the value of holding the asset to begin with. Since this misallocation increases with
the asset’s illiquidity, the illiquidity discount is higher when the asset is more illiquid.

The asset’s illiquidity also affects the asset’s value as collateral. This collateral premium is given
by the borrower’s valuation of the extra amount a borrower can get from the lender by pledging the
asset as collateral instead of selling it. As I mentioned above, when the asset is perfectly liquid in
the afternoon, the borrower is indifferent between using the asset as collateral and selling it outright.
In this case, the collateral premium is zero. However, when the asset is illiquid, transferring the
asset to the lender is costly for the borrower and the borrower can credibly commit to repaying
the lender more than the lender’s valuation in consumption goods to avoid losing the asset. This
collateral premium depends on the difference in valuation between borrowers and lenders in the
afternoon of the first period and it is increasing in the asset’s illiquidity.

For borrowers to value the asset more in the afternoon, it is crucial that they expect to have a
better use of the asset the next morning. In the first two models, borrowers value the asset more
than lenders every morning since they always have an investment opportunity at the beginning
of a period. To highlight this assumption, I extend the model with the asset market by making
the access to investment opportunities stochastic. I show that as long as the access to investment
opportunities is persistent, borrowers will have a higher valuation of the asset in the afternoon and
a less than perfectly liquid asset will optimally be used as collateral.

Finally, I extend the model with stochastic investment opportunities and probabilistic access
to the asset market in the afternoon to an infinite horizon model. Consistent with the results in
the two-period models, when investment opportunities are persistent, a borrower strictly prefers to
use the financial asset as collateral as long as the asset is not perfectly liquid and he is indifferent
between asset sales and collateralized debt if the asset is perfectly liquid. The allocative efficiency
of the stationary economy is increasing in the asset’s liquidity because when the asset’s liquidity in
the afternoon is greater, the borrowers carry a larger fraction of the asset to the next period, and
the total output in the economy is higher.

As I mentioned above, the main contribution of this paper microfound the use of financial
assets as collateral by focusing on the borrower’s optimal financing choice. Within the literature on
optimal financing, this paper is closely related to papers that consider complete contracts subject
to information constraints, either due to private information or moral hazard, in which the optimal
contract features collateralized debt. [Bolton and Scharfstein| (1990) find that the optimal contract
is a long-term contract in which the lender commits to liquidate the borrower’s firm if default
occurs. Lacker (2001) assumes non-pecuniary costs of default, while [Rampini (2005) models default
penalties as transfers of goods only valued by the borrower. |Gale and Hellwig| (1985), Bernanke
and Gertler| (1989) and Bernanke, Gertler, and Gilchrist| (1998) also find optimal contracts that



resemble collateralized debt. They follow [Townsend (1979) and allow for costly state verification
to partially resolve the agency problems. In all of these papers, including my paper, the optimal
contract involves some credible punishment for the borrower if the bad state is realized, which
incentivizes him to behave, and report the state truthfully. The main contribution of my paper
is that the cost of default for the borrower, which is the key determinant of the optimality of
collateralized debt, arises endogenously and is not assumed.

In my model, contracts are perfectly enforceableE] However, as Barro| (1976) shows, enforce-
ment frictions can also give rise to collateral contracts in equilibrium. Along these lines, [Stiglitz and
Weiss| (1981), |Chan and Kanatas| (1985)), and Kocherlakota (2001) analyze collateral as a mech-
anism to enforce contracts and deter default. Kiyotaki and Moore (1997) explores the effect of
collateral constraints on the business cycle, while Rampini and Viswanathan (2010) and Rampini
and Viswanathan (2013)) examine the capital structure of the firm. In most of these papers, the
assets that are used as collateral are either illiquid or they are inputs of production, so selling them
to raise funds is not an option. In contrast, in my paper the asset that is used as collateral in
equilibrium is a liquid financial asset.

One of the main advantages of deriving collateralized debt as part of the optimal contract
is that the amount that can be borrowed against the asset, its debt capacity, is an equilibrium
outcome. In this regard, my paper is also related to the endogenous leverage literature based
on the general equilibrium models developed in |Araujo, Orrillo, and Pascoa (1994), Geanakoplos
(2003a,b), |Geanakoplos and Zame| (1997)), and [Fostel and Geanakoplos (2008). In these models,
the collateral requirements are also equilibrium outcomes. However, in contrast to my paper, the
contract space is restricted to collateralized debt in these papers.

The mechanism I describe in this paper can be applied to multiple types of debt collateralized
by financial assets, including repurchase agreements. Other papers that look specifically at repo
markets are |Duffie (1996), Monnet and Narajabad (2012) and |Gottardi, Maurin, and Monnet
(2017)). [Duffie| (1996) argues that differences in the transaction costs between selling an asset and
entering a repurchase agreement justify the use of the latter. [Monnet and Narajabad| (2012) look at
a search model in which agents prefer to conduct repurchase agreements than asset sales when they
face substantial uncertainty about the exogenous private value of holding the asset in the future.
In Gottardi et al.| (2017)), repos allow the borrowers to insure the initial buyer of the asset against
price fluctuations.

Gorton and Ordonez (2014) show that short-term collateralized debt can be optimal if there
is ex-ante asymmetric information about the value of the collateral asset and lenders have no
incentives to acquire information about it. In my model, there is no asymmetric information about
the value of the asset. The informational constraint that is at the core of the result is ex-post
asymmetric information about the ability of the borrowers to repay the lender.

The rest of the paper is organized as follows. In Section [2, I present the baseline two-period

ZHart and Moore| (1985) study the optimal contract in the presence of incomplete contracts that can be renegoti-
ated.



model and highlight the mechanism behind the main result. In Section [3] I expand the baseline
model by considering the possibility of a competitive asset market. Section [] extends the model in

Section [3] to a dynamic economy. I conclude in Section [5] All omitted proofs are in the Appendix.

2. Baseline model

In this section, I present a baseline two-period model that highlights the forces behind the main
result that borrowers strictly prefer to use financial assets as collateral rather than selling them
to raise funds. This baseline model emphasizes the sources of the differences in valuation between

borrowers and lenders that is at the core of the mechanism that makes collateralized debt optimal.

2.1.  Environment

There are two periods, t = 1,2, each divided into two subperiods: morning and afternoon.
There are also two risk-neutral agents, a borrower (B) and a lender (L), with a common discount
factor, 8 € (0,1). There is one storable consumption good and one long-lived financial asset in the
economy. a units of the financial asset yield da units of consumption good as a dividend in the
afternoon of each period ¢t. The lender is endowed with a large amount of consumption good € in
each period t. The borrower is endowed with a® units of the financial asset in the first period and
has no consumption good endowment. Instead, in each period, the borrower has access to a risky
constant return, short-term project. One unit of the consumption good invested in the project in
the morning of period ¢ yields a random payoff 6, € {61,0x} in the afternoon of period ¢, where
01 < 6p. The risky project’s realized payoff is only observed by the borrower who invested in
it. The projects’ returns are i.i.d. over time, where the probability distribution of the returns is
given by m; = Pr(6; =0;) for i = L, H. Though the risky project is profitable in expectation,
1 <E(0;) =705+ mg0m, it incurs losses if the low state is realized, 0 < 67, < 1. T denote by high
(low) state the state in which 6, = 0y (0, = 01). To simplify the analysis, I'll assume that 0y = OE|

Assumption 1 (Impatience) The discount factor § satisfies SE (0) < 1.

Assumption 1 implies that the borrower always chooses to consume the proceeds of the risky
project rather than saving them to invest in his project in the future. The borrower can transfer
wealth between periods either by storing consumption good or by holding the financial asset.
Suppose that the borrower stores a unit of the consumption good to invest it in the risky project the
following morning. In this case, he expects to consume E (0) in the afternoon of the following period.
Then, the borrower values saving one unit of consumption in SE (0). However, given Assumption
1, the borrower finds it suboptimal to store consumption good and will always choose to begin
period 2 with no consumption good. Since borrowers have a better use for savings (E (8) > 1), if

the borrower chooses not save, the lender will choose not to save either. Therefore, I can ignore the

3All the results in the paper hold if 6, € (0,1) with the addition that the implementation of the optimal contract

would also include non-contingent, unsecured debt. In this case, Assumption 1 becomes BI@% < 1.



agents’ consumption good saving decisions in the remainder of the paper. Finally, since the agents’
would rather consume than save, Assumption 1 implies that the asset forces its holder to save.
The morning of each period t, the borrower and the lender enter into a short-term funding
contract in which all bargaining power is given to the borrower. Immediately after the terms of the
funding contract have been determined, the borrower invests in his risky project. In the afternoon
of date t, the return of the time ¢ investment is realized, the terms of the contract are settled, and

the financial asset’s dividend is paid. This timing is depicted in Figure

Period t

Morning Afternoon

- B chooses funding contract - Return 6; is realized

- L transfers funds to B - B settles funding contract

- B invests in risky projects - Asset’s dividend d is paid

Fig. 1. Timing

The (financial) asset’s dividends are paid in the afternoon, while the investment is made in the
morning. This timing has two important implications. First, if left in autarky, the borrower and
the lender value the asset equally as the discounted sum of its dividends. There is no intrinsic
difference in asset valuations between the borrower and the lender. Second, the borrower needs to

get funds from the lender to take advantage of his investment opportunity.

Definition 1 (Short-term funding contract). A short-term funding contract consists of a funding
amount in terms of consumption good, k, contingent repayments in terms of consumption good, r;,
and in terms of asset transfers, t;, i = L, H. Repayments in terms of assets include the transfer of

the contemporaneous asset’s dividends![]

In the context of the funding contract in Definition [I} I will interpret non-contingent asset
transfers as asset sales and contingent asset transfers as collateralized loans in which the asset
is transferred if default occurs. More specifically, when t; # tj, part of the asset transfers are
contingent and the funding contract can be implemented using collateralized loans, as follows. If
tr, < (>)tpy, the repayment of the collateralized part of the loan is |rg — 1| in terms of consumption
goods in the high (low) state, when there is no default, and |t — ¢7| in terms of asset transfers in
the low (high) state, when default occurs.

The set of transfers implied by any contract to which the borrower and lender agree has to be

feasible given the resources held by both parties.

4This assumption is without loss of generality since the dividends are observable, and thus pledgeable.



Definition 2 (Feasibility). A short-term contract (k,rr,7m,tr,tr) is feasible in period t if

0<k<e
0<r;<d(ag—t;))+6:;k i=LH (1)
O_tigat Z:L,H

where ay is the amount of the asset held by the borrower in period t.

The first constraint in Egs. Definition [2| states that the funding amount & has to be non-
negative and that it cannot be larger than the lender’s endowment of the consumption good. The
second set of constraints implies that the state contingent repayments in terms of consumption
good cannot be negative, nor can they be more than the amount of the good the borrower has at
the end of the period in each state after the asset transfer ¢;. Similarly, the third set of constraints
implies that the borrower cannot transfer more assets than the amount he holds and does not allow
the borrower to purchase assets from the lender at the time of settlement. In the model developed
in Section (3| I consider the case in which the borrower can use the proceeds of this investment
opportunity to purchase assets.

The non-observability of the returns of the risky project is the key friction that gives rise to
collateralized debt in equilibrium. Since the return of the risky project is only observed by the
borrower who invested in it and is not verifiable by the lender, the loan contract between the lender
and the borrower cannot be contingent on the realization of the return, 8;. However, a contract can

be made contingent on the reported return of the risky project as long as it is incentive compatible.

Definition 3 (Incentive Compatibility). A contract (k,rp,rm,tr,tr) is incentive compatible in
period t if whenever r;, < Ok +d(a —1tr)

—TL—dtL‘i‘/BVt?_l (a—tL) < —T'H—dtH—i—ﬂVtﬁl (a —tg) (ICH)
and whenever rg < Opk +d(a — ty)
—ry —dty + BV (a —ty) < —rp —dtp + BVE (a—tr) (ICL)

where Vﬁl (a) is the value of a units of the financial asset to the borrower in period t + 1, and
V2 (a) = 0 for all a.

If the borrower reports state ¢ as being realized, he transfers r; units of the consumption good
and ¢; units of the financial asset to the lender. Since the transfer of the asset also implies the
transfer of the asset’s dividends, transferring ¢; units of the asset decreases the borrower’s current
consumption by dt;, on top of reducing the stock of capital with which the borrower begins the
following period.

The first constraint ICy states that, in the high state, it is always at least as good for the
borrower to tell the truth and report that the high state has occurred than to lie and report a



low realization of #. The second constraint IC, states the analogous for the low state. Note that
the constraints ICy and ICy, are only active when lying is feasible (i.e., when there are enough
resources in the low (high) state to match the contingent repayment in terms of goods promised in
the high (low) state, rg (rr)).

Three features of the model are worth emphasizing;:

Financial assets. The long-lived asset a is a financial asset. It is not related to the project
available to the borrower: the asset is not an input needed to operate the project. This assumption
differentiates this paper from other papers of collateral where the asset used as collateral is a
physical asset; in such cases, the asset is physically needed to operate the borrower’s technology
and, thus, cannot be sold without forgoing access to the investment opportunity.

Asset sales and liquidity. Though there is no formal market for the asset in the mornings,
the borrower can always sell his asset holdings to the lender at a price equal to the present value
of its dividends by setting t;, = tg = a and r; = rg = 0, which satisfies feasibility and incentive
compatibility. Therefore, in the morning, the durable financial asset is liquid—it can be sold at the
time at which the borrower makes his financing decision. However, in the baseline model, the asset
is perfectly illiquid in the afternoon. As I show in Section [3, it is crucial for the financial asset to
be less than perfectly liquid for collateralized debt to be strictly preferred over asset sales.

Contracts. The funding contracts between the borrower and the lender are short-term, com-
plete contracts subject to incentive compatibility constraints. The main friction in the model is
that cash flows are not observable. Therefore, contracts can only depend on the borrower’s reports
of the return of the projects. Though I restrict the analysis in the paper to short-term contracts,
I show in the Appendix that short-term contracts can implement the optimal long-term contract

subject to incentive compatibility constraints, when the lender has limited commitment.

2.2.  Equilibrium

In this section, I compute the equilibrium of the baseline model. I start by looking at the last
period and show that the borrower values the asset more than the lender in the morning of the
second period because it allows him to raise funds to invest in his risky project. Then, I look at
the equilibrium in the first period and get to the main result that borrowers strictly prefer to use

financial assets as collateral rather than selling them to raise funds.

2.2.1. Second period

In the morning of the second period, t = 2, the borrower chooses a feasible, incentive compatible,
short-term contract to maximize his expected consumption. He invests the loan amount &k in his
risky project, which yields an expected return E (6) k. The borrower expects to repay wpry +mgry
in terms of the consumption good and to transfer ¢; units of the financial asset if state ¢ = L, H

is realized. Finally, the borrower also gets the dividends paid by his asset holdings, da. Thus, a



borrower with assets a solves the following problem in period 2

VQB (a) = max E(@)k—ﬂ'L (TL-i-dtL) — T (TH—i-dtH)—i-da, (2)

koo, rHtHEL

subject to the short-term funding contract (k,rr,7m, tm, tr) being feasible and incentive compatible,

and satisfying the lender’s participation constraint
k<mp(rp+dty) +mg (rg + dtg) . (3)

Proposition 1. The equilibrium short-term funding contract in period 2 is given by

rar (a) =0, t5; (a) =a, and (5)
rap (@) + dizy (a) = k3 (a)  for any t5p (a) € [0,a]. (6)

The proof of Proposition (1] is straightforward. Since the asset has no value after the second
period, incentive compatibility in the second period implies that the funding contract is risk-free
for the lender, i.e., v, + dt;, = rg + dty. Moreover, the borrower promises to repay the maximum
amount he can credibly commit to repaying in the low state, i.e., 1, + dt;, = da. This, together
with the participation constraint for the lender in Eq. , implies k3 (a) = da.

As Eq. @ in Proposition (1| states, there are many transfer schemes through which the borrower
can implement the optimal funding contract. In particular, the borrower is indifferent between

collateralized debt and asset sales.

Corollary 1. In the second period, the borrower is indifferent between selling his assets and pledging

them as collateral.

Since 01, = 0, the borrower cannot commit to unsecured debt at all. However, the loan amount
k3 (a) can be thought of either as the proceeds from asset sales, i.e., setting t5;, = t5,; = a, or
as debt collateralized by a units of the asset, i.e., setting t5; = a and t3;; = 0. This shows that
the borrower is indifferent between selling his assets and pledging them as collateral in the second

period.

Differences in valuation For a lender, the value of holding a units of the asset in the morning
of the second period is
V3 (a) = da. (7)

Because a lender does not have access to investment opportunities, he can only consume the divi-
dends paid by his asset holdings. Therefore, the lender values the asset for the dividends it pays.

For a borrower, the value of holding assets a in the morning of the second period is

V8 (a) = E(0) da > da = VL (a). (8)



In the morning of the second period, before investment takes place, the borrower values the asset
more than the dividends it pays because having the asset allows him to raise funds and take
advantage of his investment opportunity. Since the return of the risky project is not observable,
without the asset, the borrower would not be able to commit to repaying the lender (recall ;, = 0),
and, therefore, the lender would never agree to providing an unsecured loan. Having the asset
allows the borrower to commit to transferring the asset’s dividends, either by selling the asset or
by using it as collateral. In this case, even if the borrower always reports the low state being
realized, the lender can collect da. Thus, holding a units of the asset allows the borrower to invest
k% (a) = da in the morning of the second period, on which he expects to earn a return of E (6).
The borrower’s marginal valuation of the asset in the morning of period 2 is v = E(6)d,
which is greater than the lender’s marginal valuation of the asset, UQL = d. The extra value the
borrower attaches to the asset is the additional value the borrower gets from being able to raise
funds against the asset in the morning and investing the proceeds from the sale in his risky project.

This difference is given by the net return of the borrower’s risky project, i.e., v¥ —d = (E (8) — 1) d.

2.2.2.  First period

Analogous to the problem in the morning of the second period, in the morning of the first period

the borrower solves

VlB (a): max E(@)kl—ﬂ'L (7’1L+dt1L)—7TH (T’1H+dt1H)

ki,rin,riEtiE L

+7BVP (a — ti) + 7 VL (a — tiy) + da, (9)

subject to the short-term funding contract (k1, 711,718, t11,t11) being feasible and incentive com-

patible and satisfying the lender’s participation constraint:
ki < g (rin +dtg + BVeE (tin)) + 7w (T + dtig + BV (tim)) - (10)

Proposition 2. The equilibrium short-term funding contract in period 1 is given by

ki (a) = (1+ B)da+ B (Vi (a) = V5" (a))
iz (@) = a, rig (a) =0, (11)
1y (a) =0, and 77y (a) =da+ BVE (a).

As the proposition above states, the total size of the loan the borrower can procure from the
lender in the first period depends on the resources he can credibly commit to transferring to the
lender. By choosing to sell his assets and setting t17, (a) = t1g (a) = a, the borrower can indirectly
pledge the assets’ dividends in periods 1 and 2. Selling the asset allows the borrower to increase
the loan size by d + Bvl per unit of asset sold, where v} = d is the lender’s marginal valuation for
the asset in the morning of period 2.

However, transferring the asset to the lender is costly for the borrower in the afternoon of the

10



first period. For each unit of the asset the borrower transfers to the lender, the lender is willing to
lend the borrower d + Sv¥, which is the lender’s valuation for the asset (cum dividend). The cost
of this transaction for the borrower is d + BUQB . Alternatively, the borrower can increase the size of
the loan in the same amount by transferring the lender d 4 Bvl units of consumption good in the
afternoon, which the borrower values d + Svk. Since v = E (0)d > d = v, the borrower would
rather repay the lender in consumption good than in assets whenever possible and transfer as few
units of the asset to the lender as possible. Setting t1;, = a, t1g = 0 and r1zy > rip = 0 allows
him to achieve that. The difference in marginal valuations referred to above allows the borrower to
credibly commit to a state-contingent contract by effectively pledging part of the non-observable
return of his project if the high state is realized.

Whenever the borrower values the asset relatively higher than the lender at the time of the
contract’s settlement, the borrower finds it less expensive to repay the lender in consumption good
than in assets. In other words, whenever the marginal rate of substitution between the asset and
the consumption good is higher for the borrower than for the lender, transferring the asset is costly
for the borrower, and the borrower strictly prefers pledging the asset as collateral rather than selling
it.

The additional amount the borrower is willing to pay in terms of consumption good in order not
to loose the asset in the high state is 8 (V® (a) — V4~ (a)). Then, the extra amount the borrower

can get from the lender by pledging the asset as collateral instead of selling it is
Ak* = Brg (VP (a) — Vi (a)) > 0. (12)

Corollary 2. In period 1, the borrower strictly prefers to pledge his assets as collateral rather than

selling them.

Equivalent to the implementation of the optimal contract at ¢ = 2, the borrower cannot issue
any unsecured debt since f;, = 0. The loan amount, £} (a), is repaid in consumption good only
if the return of the project is high, whereas if the return is low, the lender receives a units of the
asset from the borrower. Therefore, &} (a) can be interpreted as a loan collateralized by a units of
the asset at an interest rate of:

o _ T (a) B (V3 (a) = V5" (a))

= -1

ki (a) ~ da+ BV (a) + B (VP (a) - Vi (@)

(13)

The higher the difference in asset valuations between the borrower and the lender, the higher the
amount of consumption goods the borrower can credibly commit to repay in the high state by
pledging his assets as collateral.

The maximum amount that the borrower can obtain against one unit of the asset, its debt

capacity, is given by:

D= (1+p8)d+ Bry (v§ —v¥), (14)
—_— Y——
Insurance Incentives
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where, as defined above, U2B and v2L are the borrower’s and lender’s marginal valuations of the asset,
respectivelyﬁ

The asset’s debt capacity in Eq. depends on its value as collateral for lenders when there
is default (insurance) and on the extra value borrowers attach to the asset when there is no default
(incentives). Ceteris paribus, a higher asset value for lenders increases the loan amount since it
allows lenders to recover more in the event of default, while a higher (extra) asset value for borrowers
decreases the borrower’s incentives to report untruthfully and, therefore, allows them to borrow
more against the asset.

Collateralized debt and savings. Given Assumption 1, neither the borrower nor the lender
likes to save. If they could consume their asset holdings, they would—1 > SE (#). However, since
the asset is not a consumption good, the asset forces its holder to save. Moreover, savings are more
valuable in the hands of borrowers than in the hands of lenders, because borrowers have access to
profitable investment opportunities. Collateralized debt maximizes the amount of savings in the
hands of borrowers by transferring as little of the asset to the lender as possible and, therefore, is
optimal.

Asset’s illiquidity. The difference in marginal rates of substitution that leads borrowers to
strictly prefer to use collateral debt over asset sales relies on the asset not being perfectly liquid
in the afternoon of the first period. If the asset is perfectly liquid and the borrower can use the
proceeds from a successful project to purchase assets, the borrower finds it equally costly to transfer
consumption good or the asset to the lender. In this case, the borrower is indifferent between using
the asset as collateral and selling it to raise funds. The model in Section [3| derives these results by

considering the case in which an asset market may be available at the end of the first period.

Valuations for the asset The lender’s value of holding a units of the asset in the morning of
the first period is
Vi (a) = (1 + B) da.

Since the lender cannot extract any surplus from the borrower, he can only consume the asset’s
dividends. Thus, the lender values the asset as its discounted sum of dividends.

The borrower’s value of holding a units of the asset in the morning of the first period is
Vi® (a) =E(0) ki (a)

where &} (a) = (14 S+ By (E () — 1)) da.Under the optimal funding contract, the borrower only
values the asset as if he lived only one period. In the optimal contract, the borrower only gets to
keep the asset if the high state is realized. However, incentive compatibility requires the borrower
to transfer consumption goods in the same amount as the borrower’s valuation for the asset if the

high state is reported. Therefore, the borrower cares about the expected return E (6) of the current

5Since preferences are quasilinear in consumption and there is no asset market in the afternoon, the marginal
valuations for the asset are also the marginal rate of substitution between the asset and consumption good.
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investment k¥ (a).

The borrower gets an expected return of IE (§) per unit invested in his project. Holding a units of
the asset allows him to invest k] (a) under the optimal funding contract. By setting t17, = t1g = a,
the borrower can sell the asset to the lender at ¢ = 1 in exchange for the lender’s valuation, da+ Bda.
Therefore, asset sales allow the borrower to invest da + Sda in his project. By pledging the asset

as collateral, the borrower can invest an additional amount, Ak* = Sry (E (6) — 1) da.

3. Market for the asset

In the baseline model, it is crucial for the borrower and the lender to value the asset differently
for the borrower to strictly prefer to use the asset as collateral. This difference in marginal rates of
substitutions between the asset and the consumption good, which is at the center of the main result,
depends on how easy it is for the borrower and the lender to transform consumption goods into
assets and vice-versa at the end of the first period. The model presented in this section extends the
baseline model to consider the case in which, with certain probability, the borrower and the lender
can access a competitive asset market in the afternoon of the first period. The asset’s market
liquidity, that is, the probability with which an agent can access the asset market, is a crucial
determinant of the valuations for the asset.

The model is the same as the baseline two-period model described in Section [2| with two differ-
ences. First, there is a continuum of borrowers and lenders, ex-ante identical within type. Second,
and most importantly, with probability «, each agent can trade in a competitive asset market in
the afternoon of ¢ = 1, after the funding contracts have been settled.

As in the baseline model, in the morning of ¢ = 2 borrowers are indifferent between selling their
assets or pledging them as collateral. Thus, a borrower’s valuation for a units of the asset in the

morning of t = 2 is Vi’ (a) = E (0) da, while a lender values a units of the asset Vi (a) = da.

3.1. Asset market

Suppose a borrower can trade in the asset market in the afternoon of ¢ = 1, which occurs with
probability a. Let w be the wealth of a borrower measured in terms of consumption good. Then,
a borrower with assets a and wealth w will buy x units of the asset to solve the following problem:

VB (a,w) = max BV (a+ z) +w — qu, (15)

m

subject to
gr <w and z > —a, (16)

where ¢ is the price of the asset in terms of consumption good. The first constraint in Eqs. is
the borrower’s budget constraint: he cannot pay more for his purchases than the resources he has.

The second constraint implies that the borrower cannot sell more units of the asset than the ones
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he owns. The wealth level w is the residual project return after paying the lender.

A borrower with assets a and wealth w has a demand for the asset given by

—a if ¢ > BUQB
P (a,w) =4 we|-a2] ifg=puf (17)
v if ¢ < pof

Given the linear structure of the problem in (15)), a borrower will (i) sell all of his assets if the asset
price ¢ is above his marginal valuation for the asset; (i) he will buy as many assets as he can if his
marginal valuation for the asset is greater than the price; and (iii) he will be indifferent between
buying or selling otherwise.

If the aggregate assets held by borrowers are ap and their aggregate wealth is wp, the borrowers’

aggregate demand in the asset market is

—aa® if ¢ > Bud
XP (a”,0%) = ¢ we |-aaf 22| ifq = pof (18)
aw? if ¢ < pud

q

Similarly, a lender with assets a and wealth w has a demand for the asset given by:

—a if ¢ > Bk
h={ ze {fa, %} if ¢ = pok (19)
% if ¢ < ok
and the lenders’ aggregate demand in the asset market is:
—aal if ¢ > pok
L (=L L — ol :
X" (@, w")=¢ we [—aaL,%] if ¢ = pol | (20)
o™ if ¢ < po¥

q

where a’ is the lenders’ aggregate asset holdings and w” is their aggregate wealth.
Since v¥ > vk, borrowers are buyers in the asset market and lenders are sellers. Moreover,
because there is a fixed supply of assets and a fixed supply of goods, the price in the competitive

asset market is determined by cash-in-the-market pricing. Thus, the equilibrium asset price ¢* is

—B (=B
q* :max{ﬂvg,min{wa(g),ﬁvf}}, (21)

given by:

where
w?P (a) = E(0) k* (a) — mpryy (a) — mpry (a) + d (a — 7wty (a) — wpth (@)

and (k*(-),7} (-), 75 (-),t5 (-) . t5; (+)) is the optimal contract chosen by the borrowers in the fund-
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ing market.
The equilibrium price ¢* in Eq. [21]depends on the liquidity available in the asset market, i.e., on
the ratio between the available consumption goods held by the borrowers (buyers) and the available

assets held by the lenders (sellers). The lower this ratio, the lower the equilibrium price ¢*. For

example, if g—f < min {ﬁd, ﬁvZB}, there are more assets in the hands of lenders than what the

borrowers are able to afford and the price in the asset market in the afternoon of the first period is
¢* = Bd. Alternatively, if w? > ﬁvQB a®, lenders’ have fewer assets than the amount the borrowers
are able and willing to buy. In this case, the asset supply in the asset market is limited and the
price is ¢* = BE (9) d.

Finally, if the asset market is open, the value of holding a units of the asset and wealth w for a

borrower is

w
Vi (0w = 017 (a+ 2 (22)
while the value for a lender is
Vi (a,w) = g a+ w. (23)

Remark. The asset market structure described above can also be interpreted as the result
of a market in which there are search or matching frictions, as follows. Let o be the probability
with which a borrower and a lender meet. Upon meeting, the terms of trade between them are
determined through Nash bargaining, where the bargaining power of the borrower is v € [0,1].
This market structure and the competitive one described above are isomorphic if the bargaining
power of the lender and the borrower is chosen appropriately. More specifically, they are isomorphic

if the bargaining power of the borrower is set to:

Bvf — ¢*

“ACE ) 0

3.2. Funding market

In the morning of the first period, the borrower chooses his funding contract taking into account
that with probability a he will be able to use the proceeds from his project to purchase assets in
the asset marketﬁ Then, the borrower’s expected value of holding a units of the asset and w units

of the consumption good at the time of settlement in terms of £ = 1 consumption is
BV (a,0) = (1 = @) (w + BV (@) + V5 (a,w) - (25)

When the funding contract is settled in the afternoon of the first period, the borrower has access

to the asset market with probability . In this case, the borrower values having a units of the

B

asset and wealth w in V., (a,w). With probability (1 — «), the borrower cannot access the asset

m

market in the afternoon and he consumes his wealth and brings his assets a to the morning of the

SFor simplicity, the funding contract cannot be contingent on whether the asset market is open.
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following period, which he values ViZ (a). This is summarized in Eq. (25).
Similarly, the lender’s expected value of holding a units of the asset at the time of settlement

of t =1 in terms of ¢ = 1 consumption is
B3 (a) = (1 - ) Bd + aq") a. (26)

The lender gets to sell his assets a at a price ¢* with probability « and, with probability (1 — «),
he has to wait until the asset’s dividends are paid at the end of the following period to consume.
Eq. reflects this.

Let w; = 0;k1 — r1; + d (a — t1;) be the borrower’s wealth after settling his contract in the first
period if the return of his project is ;. Then, in the morning of the first period, a borrower with

assets a solves the following problem

Vi (a) = max TBVE (a — tg, wi) + 7BV (a — tr,wr), (27)
ki,rip,m1iH - tin,tie

subject to the feasibility constraints in Definition , the incentive compatibility constraint in the
high state if lying is feasible, i.e., if ri;, < Ogki +d(a — t1g)

V8 (a — t,wy) > VP (a —tp,wp + (05 — 0L) k1), (28)

the incentive compatibility constraint in the low state if lying is feasible, i.e., if rig < 0pk; +
d (a — tlL);
VQB (a—tL,wL) ZVQB (a—tH,wH—l—(QL—QH) ]{31), (29)

and the lender’s participation constraint

ki <mpg (rig+dtig) + 7 (ri + dtig) + 6 (WHVQL (t1g) + Vi (tlL)) .

In the baseline model presented in Section [2] though the asset was liquid (could be sold) in
the morning, it was perfectly illiquid in the afternoon. In the model presented in this section, the

asset’s market liquidity depends on the parameter a.

Definition 4. An asset’s market liquidity in the afternoon is determined by the likelihood with

which it can be traded in the afternoon of t =1, i.e., by the parameter o.

As I mentioned in the analysis in Section [2| the parameter «, which from now on I will refer
to as the asset’s market liquidity, is a key determinant of the valuations for borrowers and lenders,

and, thus, of the optimal funding contract. The following proposition formalizes this link.

Proposition 3. The borrowers’ optimal funding contract depends on the asset market’s liquidity.
a) Borrowers are indifferent between pledging the asset as collateral and selling it in the morning

of the first period if and only if the asset is perfectly liquid in the afternoon, i.e., o = 1.
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b) Borrowers strictly prefer to pledge the asset as collateral rather than sell it in the morning

of the first period if and only if the asset is not perfectly liquid in the afternoon, i.e., a € [0,1).

When the asset market is not available at the end of ¢ = 1, i.e., @ = 0, the borrower prefers
to repay the lender in terms of consumption good rather than in assets. In this case, as in the
baseline model, the marginal rate of substitution between assets and consumption goods differs for
borrowers and lenders. For each unit of the asset the borrower transfers to the lender, the lender is
willing to increase the loan size by d+ Bv¥. This transfer costs the borrower d+ Bv. Alternatively,
the borrower could get the lender to increase the size of the loan by d+ Bvl by transferring d + Sv¥
units of consumption good, which would cost him only d + Bvf. Since v& < vL, it is less costly for
the borrower to repay the lender in consumption goods than to repay him in terms of assets.

If the asset market is always available in the afternoon of ¢ = 1, i.e., & = 1, the borrower is
indifferent between repaying the lender in terms of assets and consumption goods. For each unit
of the asset he gives the lender, the lender is willing to increase the size of the loan in d + ¢*.
Alternatively, the borrower could attain the same increase in loan size by transferring d + ¢* units
of consumption good to the lender. However, the borrower’s opportunity cost of this transfer is
not being able to buy one unit of the asset in the market. Therefore, transferring the lender one
unit of the asset or d + ¢* units of consumption goods has the same cost for the borrower as they
decrease the borrower’s utility by d + fv5.

When the asset market is randomly available, i.e., a € (0, 1), in expectation it is less costly for
the borrower to repay the lender in consumption goods than in assets. In other words, transferring
the asset to the lender is costly for the borrower in expectation. Analogous to the baseline model,
whenever transferring the asset to the lender is more costly for the borrower than transferring
consumption goods, the borrower strictly prefers to pledge the asset as collateral and only transfer
it to the lender if he cannot remit compensation in consumption goods.

Remark. The liquidity of the asset at the end of the first period depends on «. However, as
mentioned above, the asset is liquid at the beginning of the period since the borrower can always
choose to sell his assets to the lender by setting t; = ty = a. As illustrated in this section, the
borrower will choose to pledge his liquid financial asset to raise funds as long as the asset is not
perfectly liquid at the end of the period.

Assuming o < 1 implies some asset buyers and sellers are excluded from the asset market,
despite them being willing to trade. This is a reasonable assumption given the evidence of market
freezes. Market freezes were recurrent during the last financial crisis. However, they can also occur
in less extreme situations even in markets for the most liquid assets. For example, in July 2015,
U.S. Treasury debt, which is widely used as collateral in repo markets, became increasingly harder
to trade in response to binding capital constraints faced by banks. According to the Financial
Times, ”banks pulled back from quoting prices, while other traders reduced their presence during
the most extreme moments of turmoil, impairing the ability of investors to transact cash bonds.”

Similarly, the liquidity in the U.S. Treasury debt market decreased notably in 2013 in anticipation
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of the tapering of the Federal Reserve’s quantitative easing policym
More generally, any transaction cost or friction that imposes a wedge in the marginal rates of
substitution between assets and consumption goods for the borrower and the lender will lead to

the borrower strictly preferring to use the asset as collateral rather than sell it.

3.8.  Liquidity

The ease with which an asset can be traded, that is, its market liquidity, is a key determinant
of the equilibrium valuations for borrowers and lenders. In the model described in this section, the
asset is liquid in the mornings, whereas the liquidity of the asset in the afternoon depends on the
parameter «. If @ = 1, the asset is perfectly liquid, and if o < 1, the asset is less than perfectly
liquid. In this section, I show that more liquid assets are valued more by lenders and borrowers,

and discuss the illiquidity discount and collateral premium associated with the financial asset.

3.3.1.  Valuations for the asset and prices

In the morning of each period, the borrower can always sell the asset to the lender by setting

tr, =ty at a price equal to the lenders’ valuation for the asset, given by
vl =d+(1—a)Bd+ aq” (30)

If a lender holds one unit of the asset at the beginning of ¢ = 1, he gets to consume the dividends
of the asset in the afternoon of that period. With probability « the lender has access to the asset
market and sells the asset for ¢* units of the consumption good; and with probability (1 — «), he
doesn’t have access to this market and consumes the dividends the asset pays in the afternoon of
the following period.

The expected marginal utility of consumption for a borrower in the morning of period 1 is
(1-a) —1—04%. With probability a, the borrower has access to the asset market in the afternoon
and can buy assets, which he values SE (0) d, for ¢* units of the consumption good. With probability
(1 — @), the borrower cannot purchase new assets and chooses to consume his consumption good.
Then, the borrowers’ value (per asset) of selling the asset in the funding market in the morning of

the first period is

B = ((1 —a)+ a) E () vf. (31)

Under the optimal funding contract, the borrower can raise % from the lender per unit of the

asset he holds. Thus, a borrower’s marginal valuation for the asset under the optimal contract is

T <(1 —a)+ amg)d> E (0) ’ﬁ, (32)

q* a

"See "U.S. Treasuries market faces liquidity concerns”, Financial Times, July 29, 2015, and ”Liquidity deteriorates
for U.S. Treasuries”, Financial Times, November 23, 2015. Retrieved from http://www.ft.com/. Last accessed April
1st, 2016.
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where k7 is the size of the loan in the optimal contract in the first period and is given by

BE (0)d
<(1 —a)+ a%) ‘

kI =da+ 7 (g + (1 —a) fd)a+ g (33)

In the afternoon, the borrower can buy the asset from lenders with probability « at a price ¢*

.| wP (aP)
¢" = max< Bd, min T’BE (9) (34)

given by

where @ (a) =

BE (9)

_ BE(6)
(I-a)+a=23

E(0)(d+ 7 (a(q" = Bd) + 5d)) + (E(0) — 1) ma

The price in the asset market in the afternoon depends on the asset’s market liquidity through
the amount of resources that the borrowers bring to the asset market which, in turn, depends on
the equilibrium price in the asset market as Eq. (3.3.1]) shows.

Assumption 2 (Scarcity) The relative amount of assets in the hands of lenders is such that

+(E©O) —1) 7. (35)

™| =

L

ar
B

aj

Assumption 2 guarantees that the supply of the asset will be low enough in the asset market in the
afternoon of the first period to have the price be equal to SE (6) d, which maximizes the borrowers’
valuation for the asset. For the rest of this section, I will assume Assumption 2 holds.

As the following proposition shows, under Assumption 2, the agents’ valuations for the asset

are increasing in the asset’s market liquidity.

Proposition 4. An increase in the asset’s market liquidity

a) increases the lenders’ valuation for the asset in the morning of the first period, i.e.,

L
ov]

>0
Oa — 7

b) increases the borrowers’ value of selling the asset in the morning of the first period, i.e.,

ovp
—=5 >0, and
da —
c) strictly increases the borrowers’ valuation of the asset in the morning of the first period under

the optimal funding contract, i.e.,
ovP

>0
Oa ’

under Assumption 2.

19



As part a) of Proposition 4| shows, more liquid assets are valued more by lenders. First, lenders
are more likely to sell the asset in the event of a default. Second, lenders sell the asset a higher
price if they can access the asset market in the afternoon. Moreover, borrowers value the asset
more in the morning of the first period when the asset is more liquid in the afternoon. On the
one hand, borrowers can get more resources from the lender when liquidity is higher because the
lenders’ valuation for the asset is higher. This increases the borrowers’ value of selling the asset
in the morning of the first period as part b) of the proposition above shows. On the other hand,
it is relatively less costly for borrowers to transfer the asset to the lender when liquidity is higher.
This lower cost reduces the amount of the consumption good in the high state that a borrower can
credibly commit to repaying a lender and decreases the amount of the loan. However, this last
effect is exactly offset by the increase in the borrower’s marginal valuation of consumption. The
borrower keeps more consumption good in the high state, which he values more. This increase in
consumption good holdings in the high state exactly compensates the borrower for the reduction
in the loan amount due to his lower incentives to repay the lender in the high state. Therefore, the
borrowers’ valuation for the asset is increasing in the asset’s market liquidity as stated in part c)

in Proposition [

8.8.2.  Illiquidity discount and collateral premium

The value of the asset for borrowers and lenders is maximized when the asset is perfectly liquid
and the asset market in the afternoon is frictionless. Thus, there is a loss of value that is associated
with the asset’s illiquidity in the afternoon. This loss in value can be interpreted as an illiquidity
discount and it is decreasing in «. Borrowers are the efficient holders of the asset at the end of
the first period because they have access to investment opportunities in the morning of the second
period, and given the unobservability of the projects’ returns, the asset allows borrowers to invest
in them. When the asset is not perfectly liquid, some assets remain in the hands of lenders and
the asset is inefficiently allocated at the end of period 1. This misallocation implies borrowers will
be able to raise less funds from the lenders, and thus invest less in their projects. This leads to a
lower aggregate output in the afternoon of the second period and reduces the value of holding the

asset in the morning of the first period. The illiquidity discount is given by
E (0) (d+ BE(0)d) —vf = (1 —a)mBE(0) (E(0) —1)d, (36)

where the first term on the left hand side is the borrowers’ value when the asset is perfectly liquid
in the afternoon, the price in the asset market is SE (6) d and v¥ is the borrowers’ valuation for the
asset under the optimal contract. When the asset is perfectly liquid in the afternoon and the price
is SE () d, the borrower is able to invest all of his expected future resources in the morning of the
first period and get a return greater than 1. This maximizes the borrowers’ valuation for the asset.

The asset’s value as collateral, which is given by the borrower’s valuation of the extra amount

a borrower can get from the lender by pledging the asset as collateral instead of selling it, also
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Fig. 2. Illiquidity discount and collateral premium The blue solid line is the borrower’s value
under the optimal contract, the red dotted line is the borrower’s value of selling the asset in the morning of
the first period, the black dashed horizontal line is the fundamental value of the asset, and the black dotted
horizontal line is the borrower’s valuation of a perfectly liquid asset.

depends on the asset’s liquidity. I'll refer to this extra valuation as collateral premium, which is
given by
vP — B = (1 - a)myBE(6) (EH) —1)d. (37)

The borrower can only get additional resources from the lender by pledging the asset as collat-
eral rather than selling it if transferring the asset is costly for the borrower. Since this cost is
decreasing in the asset’s liquidity, so is the asset’s collateral premium. As I discussed above, the
collateral premium is zero when the asset is perfectly liquid. The following corollary formalizes

these arguments.

Corollary 3. The illiquidity discount and the collateral premium are decreasing in the asset’s

Lhquidity o.

The proof of Corollary [3] follows directly from Proposition [4 and the definition of the borrowers’
valuations. The illiquidity discount and the collateral premium are illustrated in Figure [2|

A key feature of the model is that, in equilibrium, the value of the asset differs for borrowers and
lenders. From the borrowers’ perspective, a positive illiquidity discount implies a positive hair-cut
or a loan-to-value (LTV) ratio of less than 100% which decreases with the asset’s illiquidity. This

prediction is consistent with haircuts in tri-party repo increasing in the asset’s underlying liquidityﬁ

8See |Copeland, Martin, and Walker| (2012).
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From the lenders’ perspective, the loan is undercollateralized and the amount of undercollat-
eralization increases with the asset’s illiquidity. What drives the increase in undercollateralization
with illiquidity is a lower sale price for more illiquid assets. However, the total amount of resources
a borrower can get from a lender is decreasing in illiquidity, which, consistent with the data, implies

that more liquid assets have higher debt capacity.

3.4. Stochastic investment opportunities

So far, I have assumed that borrowers always have access to an investment opportunity while
lenders can never invest in one directly. This assumption can be relaxed to allow for probabilistic
access to the risky projects. Doing so emphasizes the importance of the persistence of the investment
opportunities discussed for the baseline model in Section

The model presented in this section is the same as the model presented in Section [3| with the
exception that now a borrower remains a borrower (and a lender remains a lender) with probability
p. An agent who has a borrowing opportunity in the first periods keeps his investment opportunity
in the second period with probability p while an agent without a lending opportunity in the first
period acquires one in the second period with probability (1 — p). Whether an agent has access to
an investment opportunity or not in a certain period is known at the beginning of the morning of
that period. Agents who are endowed with an investment opportunity do not get any endowment
of the consumption good.

The only difference between the borrowers’ and the lenders’ problems in this setup and those
in the model in Section [3|is in the continuation values they face in the first period. In the baseline
model, each agent knows which side of the market he will participate next; in the current model,
their role in the economy is random. Therefore, everything derived in the main model in Section
holds by substituting V3" (a) by

V' (a) = pVy (a) + (1 = p) Vi (a) (38)

and V32 (a) by N
Vi (a) = pVy’ (a) + (1 —p) V5" (a) . (39)

Analogous to the main model in Section [3] a borrower will only choose to transfer the asset
in the high state if the lender values the asset at least as much as he does. From Proposition
a necessary condition for collateralized debt to be optimal is that the asset must be less than
perfectly liquid. If the asset is not perfectly liquid, investment opportunities must be persistent for

collateralized debt to be optimal. The following proposition formalizes this argument.

Proposition 5. When the asset is not perfectly liquid, i.e., o € [0,1), the borrower strictly prefers
to use the asset as collateral over asset sales if and only if investment opportunities are persistent,
i.e., if p > 0.5.

Since having the asset in the morning of the second period is more valuable while having
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access to an investment opportunity, a borrower will value the asset more than a lender only if his
likelihood of being a borrower the next period is higher than the lender’s. Therefore, as long as the
investment opportunities are persistent, the borrower always chooses to use the asset as collateral

rather than selling it.

4. Dynamic model

I extend the model in Section [3.4]to an infinite horizon model. Formulating the model recursively
makes the analysis of the equilibrium in the dynamic model almost identical to the one in the
previous section by considering the appropriate continuation values. For completeness, I'll describe
the full dynamic model and reference the analysis in the two-period model when necessary to avoid

being repetitive.

4.1.  Environment

Time is discrete and goes on forever. Each period t is divided into two subperiods, morning
and afternoon. There is one storable consumption good and one durable riskless asset that pays
dividends in the afternoon of each period. As in the baseline model, a units of the asset pay da
units of consumption good as dividend each period. The asset is in fixed supply A. There is also
a continuum of risk-neutral agents. Each morning each agent can be of one of two types: a lender
or a borrower. Lenders are endowed with € units of the consumption good. Borrowers have no
consumption good endowment. However, each borrower ¢ has access to a risky, constant return
to scale project. One unit of consumption good invested by borrower ¢ in the morning of period
t pays a random return 6! € {0,0y} in the afternoon of period t. The returns of the projects
are identically and independently distributed across borrowers and time with E[6;] > 1. As in
the previous models, the main friction in the paper is that the returns of the projects are not
observable. Each morning, agents are hit by an idiosyncratic shock that determines their type.
With probability p an agent is the same type he was the previous period and with probability 1 —p
he switches types, where p > 0.5 and p = 2p — 1 > 0 is the autocorrelation of agent types in the
economy.

In the morning of each period, after the idiosyncratic type shock is realized, borrowers and
lenders are matched randomly. Each pair then enters into a bilateral, short-term, funding contract
like the one described in Section [2] in which the borrower has all bargaining power. The terms of
the contract between a borrower and a lender are determined in the morning of the period and they
are settled in the afternoon of the same period. As in Section [3] the financial asset is not perfectly
illiquid. Each afternoon, a random fraction « € [0, 1] of the agents can access a competitive asset
market.

I will assume that Assumption 1 in Section [2] holds. This assumption implies that the agents
will always choose to consume consumption goods rather than saving them. Therefore, I can ignore

the agents’ saving decisions when characterizing the equilibrium.
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Finally, there is no aggregate uncertainty in the model. All risk is idiosyncratic. However,
since asset transfers between borrowers and lenders may occur over time, the aggregate state of
the economy is given by the total amount of assets in the hands of borrowers and lenders. To
simplify the analysis it is helpful to think of the distribution of assets in the hands of borrowers and
lenders in three different stages within a period: in the mornings before the idiosyncratic shocks are

realized, (ELB

it EL,LW); in the morning after the idiosyncratic shocks have been realized, (Ezft, dft);

and in the afternoon after the funding contracts are settled and before the asset market opens,
(c‘zgt, ag}t). Figure [3| shows the timing of the dynamic model and the value and distribution of the

asset among borrowers and lenders at different points within a period.

Period t
Morning . Afternoon
1
1
Asset values (®8,5F) (B, vF) ' (oF, o) (B s Vhket)
1
1
Asset distribution (aﬁ‘“éfm) (llft,flft) ' (aﬁt,ait)
1
1 l l ! l 1
S I | I |
Timing - Idiosyncratic shock - Funding Market - Return 6 is realized - Asset market

- Contract is settled

1
1
1
1
1
1
- Investment .
1
1
1

- Asset’s dividend is paid

Fig. 3. Timing, asset values and asset distribution. The figure shows the timing of the dynamic
model, the value of the asset for borrowers and lenders and the asset distribution among borrowers and
lenders at different stages throughout the period.

4.2.  Stationary linear equilibrium

To characterize the equilibrium, I will look at equilibria in which the value function is linear in
asset holdings. The shock structure together with the constant returns to scale of the technology
and the linearity of the value functions implies that there exists a stationary equilibrium in which
the distribution of assets between borrowers and lenders remains constant. In turn, this implies
that the price in the asset market is constant over time. In the analysis below, I will focus on such
stationary equilibria and ignore time subscripts and the dependence on the stationary distribution.
I will guess that there is a stationary distribution and that the value functions are linear and then
verify that the proposed value functions are indeed an equilibrium and that a stationary distribution
of assets exists. I start by characterizing the equilibrium in the asset market in the afternoon and
then look at the equilibrium in the funding market in the morning. Since the recursive formulation
can be seen as a special case of the two-period model, I will refer to the analysis in Section to

avoid repetition. All omitted proofs are in the Appendix.
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4.2.1.  Asset market

The borrowers’ and lenders’ demands for the asset in the afternoon are analogous to the ones
described in Section in Eq. and Eq. with the main difference that the continuation
values for borrowers and lenders take into account that the agents are subject to idiosyncratic type
shocks. Let o¥ and 72 be the expected marginal value of the asset for a lender and a borrower,

respectively, in the morning before the idiosyncratic shocks are realized. Then,

ol = pol + (1 — p)vP, and (40)
7 =pof + (1 -p)oh, (41)

where v and v are, respectively, the marginal valuations for the asset for lenders and borrowers
in the morning after the shocks are realized.

The equilibrium price in the asset market depends on which group of agents values the asset
more in equilibrium. Since, by assumption, lenders are never constrained by their consumption

good holdings—e¢ is large enough—, the equilibrium price ¢* is given by

=1 o Jevs(a?) ~B}} o B L
ma v7, min § ——4 B if v%>w

q* = * {5 { aay IB ) (42)
o if o8 <ot

where wp is the total amount of consumption good in the hands of borrowers and @’ is the total

amount of assets in the hands of borrowers before they enter the asset market in the afternoon.

B

The total wealth in the hands of borrowers wg (di

) is given by
wp (a) =y (Ouk™ (a) +d(a -ty (a)) =75 (a) + 7L (d(a — 17 (a) — 1L (a)), (43)

where k* (a), t3; (a), t7 (a), }; (a) and 7} (a) are the loan amount and the repayments in terms of
asset and consumption good under the optimal funding contract for a borrower with a units of the
asset. Looking at Eq. and Eq. one can see that the equilibrium price in the asset market

wpB
al>

in the afternoon only depends on the ratio of resources in the hands of borrowers and lenders,
which, in turn, depends on the distribution of assets across borrowers and lenders. Therefore, if
the amount of the asset in the hands of borrowers and in the hands of lenders lenders is constant,
the price in the asset market is also constant across time.

Given the equilibrium price in Eq. , the value of entering the asset market for a borrower

with @ units of the asset and wealth w when the price is ¢* is

VB g a+w if o8 <ol "
mi (@) = BV8 (at ) it W5k (44)
which can be rewritten as
w
V.5t (a,w) = vy, (a + q*> ; (45)
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where v2,, = max {807, ¢*} and VB (a) = 7Ba. The value for a borrower of entering the asset
market depends on whether he is a buyer or a seller. If the borrower is a seller, i.e., if 77 < o7,
holding the asset allows him to consume ¢* per unit of asset held. If the borrower is a buyer, i.e.,
if 78 > 9%, he acquires q% units of the asset in the asset market and starts the next period with
a+ q% assets.
Similarly, the value of entering the asset market for a lender with @ units of the asset and wealth
w when the price is ¢* is
Vi (a,0) = ¢*a + w. (46)

m

The lender’s value of accessing the asset market is independent of who is a buyer or a seller since

whenever lenders are buyers, the price is equal to So~.

4.2.2.  Funding Market

The borrowers’ problem in the funding market in the morning is analogous to the one presented
in Section A borrower’s expected value of holding a assets and wealth w at the time of his

funding contract’s settlement is
BV (a,0) = (1= a) (w+ BV (@) +aVly, (a,w). (47)

With probability (1 — «) the borrower cannot access the asset market in the afternoon, consumes
all his consumption good holdings and cannot acquire more assets to bring to the morning of the
following period. With probability « the borrower can access the asset market in the afternoon
and uses all of his consumption goods to buy assets, increasing the amount of assets with which he
enters the following period’s morning.

The lender’s expected value of holding a units of the asset at the time of settlement is
BV (a) = (1—a) BV (a) + ag*a, (48)

Eqgs. and are analogous to Eqs. and in the two period model in Section
Let w; = 0;k — r; + d (a — t;) be the borrower’s wealth at the end of ¢ = 1 if the return of his

project was #;. A borrower with assets a solves the following problem in the morning
VB(a)= max wBVe (a—tu,wy) + 7BV (a —tr,wr) (49)
krpratoty
subject to the contract being feasible, the incentive compatibility constraint in the high state

V8 (a — t,wy) > VP (a — tp,wp + (0 — 0L) k), (1ce)

if lying is feasible, i.e., if r;, < Ok + d(a — t1), the incentive compatibility constraint in the low

26



state
VP (a—tr,wr) > Vi (a — ty,wy + (0, — 0u) k), (1ce)

if lying is feasible, i.e., if rg < 0pk 4+ d(a — tg), and the lender’s participation constraint:
k<my (’I"H + dtH) + 7 (TL + dtL) + B (WHVL (tH) + WLVL (tL)) . (PCL)

By inspecting the constraints in the borrower’s problem in , it can be considerably simplified.
First, in any equilibrium, the participation constraint for the lender PC7, will hold with equality.
If it did not, the borrower could increase the loan amount and increase his expected utility without
violating any of the additional constraints. As is typical in this kind of problems, the incentive
compatibility constraint will bind in the high state and I C;lf will hold with equality. Finally, to
maximize the size of the loan, the repayment in terms of consumption good in the low state, rr,
will be the maximum possible, i.e., 7, = d(a —tr). The following proposition formalizes these

arguments.

Proposition 6. In the optimal contract, constraints PCr, ICy and v, < d(a—tr) hold with
equality.

Using the results in Proposition [6] the borrower’s problem in the funding market reduces to
choosing only the contingent asset transfers. I'll proceed assuming that the incentive compatibility
constraint in the low state does not bind and then verify that it is indeed the case in equilibrium.

The simplified borrower’s problem is

B
vBa = max ((1 —a) + a%) E (0) (da + o (ruty + mrtr))
(tmtr)€[0.ap]? q
B

_ WHB ((1 — a) 'ﬁB —+ Oévmﬁkt> E(G) (tH — tL)

vB
—|—ﬁ<(1—a)53+04 ”ékt>(a—t,;). (50)
subject to
k* = 1_19L (da—ﬂ'HQ/)B (tH—tL)+ﬁ@L (7THtH+7TLtL)) (51)
k* > max {dty + 78 (ty — tr) + Bo% (uty + Totr) ,0}. (52)

where 12 is the marginal rate of substitution between the asset and the consumption good for
a borrower. The constraints in the problem above represent the feasibility constraints on the
loan amount k£ and the repayment in terms of consumption goods in the high state, ry. The
marginal utility of a unit of consumption good at the time of the contract’s settlement is given by
(1—a)+ a%. If the borrower cannot access the asset market, which occurs with probability

(1 — @), he consumes the goods and derives a marginal utility of one. If the borrower can access
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the asset market, which happens with probability «, he can use each unit of consumption good to
buy q% units of the assets in the market which he values in vﬁkt. Similarly, the marginal utility
of the asset for the borrower is (1 — a) 807 + av?,,. With probability a the borrower can access
the market and gets utility Uﬁkt from holding the asset and with probability (1 — «) the borrower
cannot access the asset market in the afternoon and gets utility 5o2. Then, the marginal rate
of substitution between the asset and the consumption good for the borrower at the time of the

contract’s settlement is given by
B

¢B _ (1—a)655+<)gvmkt ‘ (53)

(1—a)+a L;*kt

The analogous marginal rate of substitution for the lender is ¥ = go’.
The derivative of the objective function in with respect to tz is

E0) 7 <(1 —a)+ aﬂ;:B> (¢L - 1/13) (54)
and with respect to ¢y, is
<(1 —a)+ afff) (E(8) (mpo® + mpeP) — F). (55)

As one can see from the expression in , the borrower will choose not to transfer the asset in
the high state as long as he values the asset relatively more than the lender. When the borrower’s
marginal rate of substitution between assets and consumption goods, 92, is higher than that of
the lender, 9’ it is cheaper for the borrower to repay the lender in consumption goods than to do
so in assets. Therefore, when the borrower has additional resources available, i.e., when his project
is successful, he will not transfer assets to the lender. However, in the low state, the asset transfer
can be positive even if the borrower values the asset relatively more than the lender since increasing
tr, increases the overall transfer of value to the lender in the low state and, thus, can increases the
loan quantity k*.

The following lemma characterizes the optimal asset transfers as a function of the asset’s market

liquidity and the differences in valuations between borrowers and lenders.

Lemma 1. In an affine equilibrium, a borrower will choose

t; =a, and (56)
a if(l—a)(ﬁL—53)>0

tiy =4 « for somex €[0,a] if (1—a)(Vy—0)=0 . (57)
0 z'f(l—oz)(ﬁL—ZB)<0

If the asset is perfectly liquid in the afternoon, i.e., if & = 1, the marginal rate of substitutions
of borrowers and lenders are equalized and the borrower is indifferent between transferring assets

or consumption goods to the lender, regardless of who values the asset more the following morning.
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If the asset is less than perfectly liquid, whether the borrower values the asset more than the
lender the following morning matters. If the borrower assigns the same value to the asset as the
lender, he will set t;, =ty = a and "sell” the asset to the lender. In exchange, the lender will lend
the borrower vy, = v, which is fair compensation from the borrower’s perspective.

If the borrower assigns a higher value to the asset than the lender, he would be getting less than
his valuation if he chose to sell the asset to the lender: the lender would still pay a price vy, per unit
where now vy, < vp. In this case, the borrower will only transfer the asset if he cannot avoid it,
i.e., if the low return is realized and he does not have enough resources to compensate the lender
in consumption goods. Transferring the asset is costly for the borrower since he gets vy, units for it
while he values it vg > vy,. This difference in valuation can be interpreted as the ”punishment” for
not being truthful, which induces truth telling and makes the state contingent contract incentive

compatible. The following proposition characterizes the optimal contract in equilibrium.

Proposition 7. In a stationary equilibrium a borrower

a) is indifferent between using the asset as collateral and selling it to raise funds if and only if
the asset is perfectly liquid in the afternoon, i.e., a« =1, and

b) he strictly prefers to use the asset as collateral rather than selling it to raise funds if and only

if the asset is less than perfectly liquid in the afternoon, i.e., a € [0,1).

Proposition [7]is analogous to Proposition [3] and establishes the optimality of collateralized debt
in dynamic settings. Current borrowers value the asset more than lenders at the funding stage in
equilibrium since it allows them to invest in their (expectedly) profitable projects. Since p > 0, this
implies that borrowers also value the asset more than lenders at the settlement stage only when the
asset is less than perfectly liquid. Therefore, as discussed above, borrowers choose collateralized

debt over asset sales to fund their investment whenever « € [0, 1).

4.2.8.  Asset distribution

As I mentioned above, the distribution of assets owned by borrowers and lenders is the aggregate

B

state of the economy. Recall the total amount of assets in the hands of borrowers (lenders) is a,,

(aﬁb) at the beginning of the morning before the idiosyncratic shocks are realized, ELZ-B (dlL) in
L

the morning after the idiosyncratic shocks have been realized, and a? (Eza

) in the afternoon after
contracts are settled and before the asset market opens.

In a stationary equilibrium, v > v7. In a < 1, a borrower only transfers the asset to the lender
if his project is unsuccessful. Also, borrowers who can access the asset market buy all the assets
available in the market from the lender. Since the asset is in fixed supply and the asset has to be

held by someone in equilibrium,

dsL,t + dft = A for all s =m,i,a and all t. (58)
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Therefore, the law of motion of the distribution of capital in hands of borrowers and lenders is

dft = Pdﬁ,t +(1-p) (f_1 - dr]i,t) ) (59)
dﬁt = WH&ft, and (60)
ab g =al,+a(A-al,). (61)

As Eq. shows, each period t only a fraction p of the assets in the hands of borrowers at the
beginning of the morning remains in the hands of borrowers as 1 — p borrowers become lenders
after the idiosyncratic shocks are realized. Similarly, a fraction 1 — p of the assets held by lenders
become owned by borrowers after the idiosyncratic shocks are realized. After the funding contracts
are settled in the afternoon, only the fraction 7y of borrowers who got high realized returns gets
to keep their assets. This is captured by Eq. (60]). Finally, as Eq. shows, borrowers buy all
the assets from the fraction « of lenders who access the asset market in the afternoon.

In a stationary equilibrium
dftﬂ = dft, for all s =m,i,a and all ¢. (62)

Therefore, using Egs. — and Eq. ,

() -prata o, (-0 (-pra)
B e Ty (B W s P

(63)

Given the non-observability of the projects’ returns, capital is more productive in the hands of
borrower. Therefore, the efficient allocation of resources in this economy puts all the asset in the
hands of borrowers at the beginning of the period because this maximizes the overall production in
the economy. For this to be the case, all assets in the hands of lenders after the funding contracts
are settled should be transferred to the borrowers in the asset market. Whether this is the case or

not, depends on the asset being perfectly liquid in the afternoon.

Proposition 8. The allocative efficiency of the economy increases with the asset’s market liquidity,

i.e., the fraction of capital in the hands of borrowers is increasing «.

In a stationary equilibrium, the relative share of assets held by lenders in the afternoon is

b (1—a)(1—pra)
B (0-a)(-prmta (64)

which is decreasing in «. When the assets market liquidity is larger, a larger fraction of lenders
can sell their assets in the asset market in the afternoon and borrowers start the following period

with a larger fraction of the asset’s supply, which increases the economy’s allocative efficiency.
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4.2.4. Valuations for the asset

To simplify the analysis, analogous to Section [3| T will focus on parameterizations such that
¢* = BoP and the borrower’s marginal utility of consumption is oneﬂ In this case, the asset

valuations in a stationary equilibrium are given by

vP =E (0) (v" + (1 — @) muBp (vF — ")) (65)
v =d+ 8 (po +(1—p) vL) + Bap (vB - UL) (66)

A borrower’s valuation of the asset in the morning depends on the expected return he can get on

the loan amount he procures from the lender per unit of asset held,
k*(a) = (0" + (1 — a) 7B (37 — ")) a.

The lender is always willing to give v” to the borrower since under the optimal contract the
lender knows that in the event of default he will get the asset which he values v. However,
under the optimal contract, the lender is willing to lend the borrower additional resources in
the amount of (1 — «a) g ('173 — 5L) since the lender knows that the borrower is willing to pay
(1-a)p (53 — ZL) in consumption good not to lose his asset. However, the borrower is only able
to pay this amount when his project is successful, which occurs with probability wz. As discussed
above, the borrower only prefers to repay the lender in consumption good when the asset is not
perfectly liquid in the afternoon. This is captured by Eq.

In the morning, the lender values the asset for the dividends it pays in the afternoon and
for the value of holding the asset in the afternoon, which depends on the asset’s liquidity. With
probability «a, the lender can sell the asset at a price equal to the borrowers’ valuation, 87, and
with probability (1 — «) he brings the asset to the following period and gets utility fo*. Eq.
shows this.

Consistent with the results in Proposition 4] borrowers and lenders value more liquid assets

more.

Proposition 9. Suppose ¢* = fv2. Then, in a stationary equilibrium, an increase in the asset’s
market liquidity:
a) increases the lenders’ valuation for the asset, i.e., % >0, and

. . . B
b) increases the borrowers’ valuation for the asset , i.e., % > 0.

4.2.5.  Illiquidity discount and collateral premium

Analogous to the two-period model, the value of the asset is maximized when the asset is

perfectly liquid and the asset market in the afternoon is frictionless. In this case, the values of the

9As I show in the Appendix, the system that characterizes the valuations for the asset and the asset price in
equilibrium is non-linear whenever ¢* # 7. The condition such that ¢* = 807 in equilibrium is characterized in the
Appendix.
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asset for borrowers and lenders, respectively, are

d d
and v =

=R g = T-8E@)

(67)

Bx _ B and as the corollary below shows, it is

The illiquidity discount in the dynamic model is v
decreasing in a.

Similarly, the difference in value that can be attained with collateralized debt relative to asset
sales in a period is given by

(1—a)E@)7pLp (UB - vL) . (68)

This value can be thought of as the one-period collateral premium, as it represents the difference in
value for the borrower between using the optimal contract in every period and selling the asset today
while using the optimal contract in the future. This one-period collateral premium depends on «
through two channels. First, the difference in continuation values that gives rise to the collateral
premium only matters when the borrower cannot access the asset market in the afternoon with
some probability. Second, the asset’s market liquidity affects the value of holding the asset for
borrowers and lenders. As the corollary below shows, the collateral premium is also decreasing in

Q.

Corollary 4. The illiquidity discount and the one-period collateral premium are decreasing in the

asset’s market liquidity and are zero when the asset is perfectly liquid.

The proof of Corollary 4| follows from Proposition |§| and the characterization of v and v”
in the Appendix. Corollary [] emphasizes the importance of the asset’s imperfect liquidity for

collateralized debt to be preferred over asset sales.

5. Conclusion

Why are liquid financial assets used as collateral instead of being sold to raise funds? I show that
when financial assets are not perfectly liquid and the roles as borrowers and lenders are persistent,
a borrower chooses to collateralize liquidity to raise funds when the returns of his investments are
not observable. In the investment stage, borrowers value the asset relatively more than lenders
because it allows them to take advantage of their investment opportunities. When the asset is
not perfectly liquid, borrowers also value the asset more than lenders at the time of the funding
contract’s settlement. For each unit of the asset the borrower gives the lender, the borrower receives
the lender’s valuation in consumption good. Since the borrower values the asset more than the
lender, transferring the asset to the lender is costly for the borrower. Offering the asset as collateral
allows the borrower to transfer the asset only if he does not have enough resources to repay the
lender in consumption good and, therefore, the borrower prefers to collateralize his assets rather

than selling them.
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The difference in valuations between borrowers and lenders is an equilibrium outcome and it
depends on the asset’s liquidity at the time of the contract’s settlement. If the asset is perfectly
liquid, borrowers can use the proceeds of their investment to purchase the asset in the market and
they are indifferent between collateralized debt and asset sales. If the asset is less than perfectly
liquid, and a borrower cannot access the asset market in the afternoon with probability one, the
borrower prefers collateralized debt over outright asset sales as collateralized debt maximizes the
expected amount of assets with which the borrower starts the next period. The frictions in the asset
market give rise to an illiquidity discount and a collateral premium. Borrowers value the asset more
when the asset’s liquidity is higher because a higher liquidity increases the amount of asset that
borrowers can bring to the next period and, therefore, the size of their investment. Then, the value
of less than perfectly liquid assets includes an illiquidity discount which increases with the asset’s
illiquidity. The collateral premium is the value of the extra amount that borrowers can get from
lenders by pledging the asset as collateral instead of selling it. This additional amount depends on
the difference in marginal valuations between borrowers and lenders and is also increasing in the
asset’s illiquidity.

There is a high cross-sectional heterogeneity in the type of financial assets that are used as
collateral. This heterogeneity is mirrored in the wide range of terms across collateralized debt
contracts. While most of the existing literature on collateralized debt has focused on counterparty
default risk, the model presented in this paper suggests that an assets liquidity risk is a key driver
of these characteristics. This result is consistent with the findings of (Copeland et al.| (2012) for
tri-party repos, where haircuts and margins differ across collateral types in relation to the assets
underlying liquidity. However, whether the link predicted by the model present in other forms of
collateralized debt, such as bilateral repo or collateralized debt obligations, is an open empirical
question.

Changes in the terms of collateralized debt played an important role in the 2008-2009 crisis
(See [Jermann and Quadrini (2012), |Perri and Quadrini| (forthcoming))), in which low liquidity and
market freezes were prevalent. This paper, by endogenously relating an assets liquidity to its debt
capacity, contributes to further understanding the effects of liquidity crisis on credit markets and

the real economy.
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Appendix A.

For the dynamic model, all proofs are for the stationary linear equilibrium. In this case, the
solution to the borrower’s problem can be characterized either by the value function V* or by the
marginal valuation v*. To simplify the analysis, I'll write the proofs in terms of marginal valuations.
For the sake of clarity, throughout most of the Appendix, I'll explicitly write the dependence of all

expressions on 5. However, throughout the paper I assume 67, = 0.

A.1.  Proof of Proposition |3

This proposition is a special case of Proposition [L0]in Section [3| when o« = 0. All proofs omitted

in Section [2| are special cases of the proofs in Section [3| when a = 0.

A.2. Proof of Proposition [

The proof of this proposition follows directly from Lemmas [4 and [5| in this section interpreting
contingent asset transfers as collateralized debt and non-contingent ones as asset sales.

The borrower’s problem in can be considerably simplified by inspecting the constraints.
First, in any equilibrium, the participation constraint for the lender will hold with equality. If it
did not, the borrower could increase the loan amount and increase his expected utility without
violating any of the additional constraints. Similarly, as is usual in this kind of problems, the
incentive compatibility constraint will bind in the high state. Finally, in order to maximize the size
of the loan, the repayment in terms of goods and assets in the low state, r; and ¢, will be the

maximum possible, i.e., r, = 0k and t7, = a. The Lemmas [2] [3] and [4] formalize these results.

Lemma 2. Without loss of generality, the lender’s participation constraint can be replaced by:
k=mp(ru+dtg) + 7 (rp +dtp) + 6 (TFHVQL (tr) + 7 V5" (tL)) (69)

in the borrower’s problem.

Proof. Since the objective function of the borrower is increasing in ¢, if the participation constraint
does not hold with equality, the borrower can always improve on the contract by increasing the

loan quantity g and still satisfy all other constraints. O

Lemma 3. Without loss of generality, the incentive compatibility constraint in the high state can

be replaced by:

(1— @) (rg +dtg — (ri +dtr)) = 8 <V23 (a—tH+a9Hk—’"Hq—fM) (70)

_VZB (a - aer*Tthd(a*tL)) (71)

i the borrower’s problem.
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Proof. Suppose that the incentive compatibility constraint does not hold with equality, i.e.,
(1= ) (ryg +dtg — (rp + dtr)) < B (V¥ (0= tyy + o 2h=rutdlectu)) (72)

_Vp (a_tL+a0Hk_”q—t‘1(“_tL)>. (73)

Then, the borrower could increase k, g, and 77 and increase the objective function while still

satisfying all other constraints. In particular, there exists g, &1 > 0 such that:

(1—«a)(rg+dtg — (rp +dtr) + (g — 01) €0) (74)
SB(VQB (a—tH+a%£“‘tH)) e (a—tﬁm%ﬁ“%))), (75)
(1—a)(rp +dt, — (ri + dtz) — (0 — 01) €0) (76)
gﬂ(VQB <a—tL+a%,@‘tL))—VQB (a—tL—i—aW)), (77)
and
k+eo+e1=mg (rag +0geo +dtyg) + 7 (rp + Opeo + dtr) + 8 (WHVQL (tm) + 7wV (tL)) . (78)

Then, the contract {k +eo +e1,7r + 0reo, i + Onco, trj, tr;} satisfies the feasibility, participa-
tion and incentive compatibility constraints while attaining a higher asset value for the bor-

rower. O

In the next few pages, I will ignore the incentive compatibility constraint in the low state and

then verify it is satisfied.
Lemma 4. In the optimal contract, r; = 0.k™ and t7 = a.

Proof. Using Lemmas [2, Lemma (3| and the linearity of VzB and VQL , the participation constraint of

the lender can be written as participation constraint for the lender

WHBUQB
((1 —a)+ aqﬁ*sz

k= (rp+dtr) — ) (tg —tr) + BoY (mpty + 7oty

and the incentive compatibility constraint in the high state as

(—rg —dtg +rp +dtr) <(1 —a)+ a(ﬁvf) = Bud (tg —t1).
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Using these expressions, the borrower’s problem can be written as

TLHtlgxtL ((1 —a)+ a(ﬁvf) ((E (0)—1)(rp +dtr) +E(0) ﬁ@QL (Tt + 7rLtL)) (79)
+ ﬁvf ((1 - 7THtH - FLtL) - (E (9) — 1) WHﬁUQB (t]-[ - tL) + da (80)
subject to the feasibility constraints. The objective function above is increasing in 7. Therefore,

TZZ@L]{!*—Fd(a—tL),

which yields

pdy, = L g oL — v (b — 1) + obty | + —2%_ (81)
R e N N TR PR B R )
and
* L L U2B
k =174, da + o3ty + By | Oy — ) (tw —tL) | - (82)

((1 — )+ aqﬁ*sz

Using Eqgs. and , the borrower’s problem becomes

max ((1 —a)+ aivf) W (da + 805 (rptr + muty))
—}—,B’UQB (a—tL)—Wﬁﬁva (tH—tL) (83)

subject to feasibility constraints. Then, the first order condition with respect to t,

B E@®)—-0L) , . (E(0) —0r)
((1 —a)+ aq*v23> ﬁﬁﬂ'[/vé — B (1 — 7TH1_9L> (84)
> Wﬁ (wr0% + mpvd) — Bod >0 (85)

since vP = %d, ok > d and ((1 —a)+ aq@vf) > 1. This implies t; = a and r} =0 k*. O
Lemma 5. In the optimal contract, tgy =0 as long as « € [0,1) and If a =1, ty € [0, al.

Proof. From the borrower’s problem in Eq. [83]in the proof of Lemma [4] we have that the first order

condition with respect to ¢y is

EO) (1 o)+ oof) om (it - of
1-0g ( ) g’ o | v ((1—a)+aqﬁ*sz>
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For all o € [0,1), the first order condition is negative since:

b (o e
) Fod

<(1 —a)+ aqﬁ*sz) N ((1 — )

since 9% — vP < 0 and —UQ < 1. Therefore, the borrowers chooses t3; = 0.

If « = 1, the first order condition becomes

(59199L)5 vB By ( q;>:0

since 93 = (1 — a) d—i—a%. In this case, the borrower is indifferent between any value of t}; € [0, a].

Note that since r;, = 0k and rg > 71, not reporting the truth in the low state is not feasible and

the incentive compatibility constraint in the low state can be ignored. O

Proposition 10. Choosing a funding contract at t = 1 where

B
ki = 2 | d+ 80} + B L — 0 (86)
p— L _ ’1}2
((1 @) + o )
B
Fip = 00k, vy = oK +da+ ——D020 o (87)
(0cr+o%)
q
ti, =a, and tjg = 0. (88)
is optimal for the borrower. This is the unique optimal contract if o € [0,1).
Proof. The proof follows directly from Lemmas [4] and [5] in this subsection. O
A.3. Proof of Proposition 4
Given assumption 2, ¢* = SE (0) d. Then,
of =d+ Bd+aB(E(0) - 1)d, (89)
vB = E(0)vf, and (90)
vt =E(0) [of + (1~ a) 7B (E(0) - 1)d], (91)

where (E (§) — 1)d = vP — v&. Differentiating this expressions with respect to a gives the results

in the proposition.
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A.4.  Proof of Proposition[J

As long as the borrower values the asset more than lender at the time of settlement in period
1, the borrower will find it costlier to transfer the asset to lender and, thus, strictly prefer to use

the asset as collateral. This happens when:

~L q" vy
(1-)vy + o= — <0
B ((1 —a) —|—ozqﬁﬁ23)

which is the same as

(1—a) ((1—a) (vg — %) +aqﬁ*5§ (55—‘?) +a<qﬁ*—5§>> <0.

This condition can only be satisfied if & < 1. Since ¢* is between ,8'172L and 5'1723 , & necessary

condition for the inequality above to hold is ¥4’ — 78 < 0 which is the same as

(2p - 1) (UZB - U%) > Oa

which will be satisfied iff 0.5 < p, since U2B - v% >0, as long as a € [0,1) .

A.5.  Dynamic Asset market

All proofs are for the linear stationary equilibrium. In this case, the solution to the borrower’s
problem can be characterized either by the value function V* or by the marginal valuation v*. To
simplify the analysis, I'll write the proofs terms of marginal valuations.

Given the linear structure of the borrowers’ and lenders’ demand in the asset market, the
equilibrium price in the asset market depends on which group of agents values the asset more in

equilibrium. The equilibrium price is given by

max {BﬂL, min { %‘g’f , ,6’53}} if o8 >l
L
* ~ . ~ ~
q = Bok if o8 =ol ,

Bk if 98 <ol

since, by assumption, e is large enough such that lenders always have enough resources in the
funding and asset markets. Therefore, ¢* > SoL.

The value of a borrower of entering the asset market when the price is ¢* is
ga +w if o8 <ol
kat (a7 w) = 6ﬂBa +w if o8 =73l
jVB <a+ qﬂ) it o8 > ok
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Given the equilibrium price,
B B w
Vit (@ W) = Vppy (a + q*> ;

where vﬁkt = max { BB, q*} is the marginal utility of the asset for the borrower when he enters
the asset market. The maximum operator takes into account the possibility of the borrower being
a buyer or a seller in equilibrium.

Analogously, the value of a lender of entering the asset market when the price is ¢* is

g a+w if 98 >7w
Vrgkt (a, fw) — NBﬁLCL —+ w if /Z\JJB = 5L ,
BVL (a+ qﬂ) if o8 <3k

which, given the equilibrium price above, becomes
VE (a,w) =q"a+w.

A.6.  Proof of Proposition [f

The proof of follows from Lemmas [6] [7] and [§] below.

Lemma 6. Without loss of generality, PCy, can be replaced by
k=my (T‘H + dtH) + 7 (TL + dtL) + B (WH@LtH + WLf)LtL) , (PC,L)

in the borrower’s problem.

Proof. Let v* be the solution to the borrower’s problem in a stationary equilibrium. Let {v;} >0

be such that lim;_,, v; = v*, where:

B
vja = ((1 —a)+ a%) (Trwm; + TLwr;) (92)

+ ((1 — a) 56]B+1 + owfbkt) (a — TI'HtHj — WLtLj)

for some feasible and incentive compatible {k;,rr;,7H;,tr;,tH;} that satisfies the participation
constraint PC, where w;; = 6;k; — 135 + d (a — t5),

~B B L
041 = pujgr + (1 —p)vjiy

and q;‘ is the equilibrium price in the asset market when the borrowers’ and lenders’ value of
holding the asset the following morning are UjB+1 and UJ.LH, respectively. The maximum operator in
the expression above takes into account the possibility of the borrower being a seller in the asset

market in equilibrium.
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Suppose that for some j > 0, (k;,rrj,7H;,tr;,tH;) is such that PC is slack. Then, one could

increase k; and increase v; to v? while still satisfying all the other constraints. Let {v;} . be a
j>

sequence identical to {vj}j>0 if at (kj,rrj,7Hj,trj,tH;) PC holds with equality and U;-) otherwise.

Then, by construction, v;- > v; and therefore,

lim v} > lim v; = v*.
Jj—00 Jj—o0

Therefore, one can replace PCY, by Eq. PC’}J in the borrower’s problem. 0

Lemma 7. Without loss of generality, the incentive compatibility constraint in the high state can
be replaced by:

'UB UB
((1 — a) + a’q’”ft> (’I“H —rr + d(tH — tL)) =7 ((1 — Oé)ﬁB _,'_argkt> (tH — tL) (IC}I)

in the borrower’s problem.

Proof. Let v be the solution to the borrower’s problem. Let {v;},., be such that lim; o v; = v*,
where v; is given by Eq. . Suppose that for some s > 0, no incentive compatibility constraint

binds. Then, there exists 5 > 0, such that the incentive compatibility constraint I C’j‘g is slack

B
<(1 —a)+ a%) (ras —ros +d(tms —trs) + (0w — 01) €5) > (93)
~B Uﬁkt s
BlA-a)v ), +a 3 = | (tas — trs) (94)

Replace {ks, 715, THs, tLs, s} by {ks+¢es+¢€0,70s + 0165, THs + Omes, trj, tuj}, where eg > 0 is
such that the participation constraint binds. This contract still satisfies all the constraints, but it
attains a value v? > v,. Therefore, at least one IC constraint binds in equilibrium.

Ifrys+dtgs >rps+dtps, I Cffl is the only relevant incentive compatibility constraint, because
lying is not feasible in the low state. Then, by the argument above, for all s such that rgs +dtgs >
rrs + dtrs, ICy binds.

Now consider those s > 0 such that rgs + dtgs < rps + dtps < Opks + dap. If IC% binds, one
could keep rgs — rps, constant by increasing both rrs and rgs and by increasing ks to keep the
participation constraint binding, which would result in an increase in the objective function. Let
this new value be v0. If for s > 0, rys + dtys < rps + dtps = Opks + dagp, IC’% does not bind
unless 1 C% binds. Suppose [ Cg binds and [ C;ll does not. Then, one could increase rg, while still
satisfying incentive compatibility and relaxing the participation constraint. Therefore, one could
increase ks, which would increase the objective function and give a value v? > 0.

Therefore, if 1 C’j‘fl was not binding for some s > 0, one could construct a new sequence {v;} ,
720

/

Yj

> vj, such that v} = vj; if the incentive compatibility constraint in the high state binds and
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v = 1}? if it does not. By construction,

lim v;- > lim vj; = v*.

Jj—oo j—o0
Therefore, without loss of generality one can concentrate on those sequences that are feasible in
which [ Cl‘f, holds with equality. O

Lemma 8. Without loss of generality, the feasibility constraints on the contingent transfers in

consumption good can be replaced by:
rp =0k +d(a—tr) and rg >0

in the borrower’s problem.

Proof. By assumption, k& < é will not bind in a solution to the borrower’s problem. Using Lemma
[6] the participation constraint can be assumed to hold with equality, and using this in the objective
function it is easy to see that the objective function is always increasing in the amount of the loan
k. Using Lemma [7] the incentive compatibility constraint holds with equality, which implies that
the upper bound for & is given by the maximum amount that can be repaid in the low state, i.e.,
by rp =0k +d(a—tr).

Let v* be a solution to the borrower’s problem. Let {v;} be a sequence such that lim;j_.v; = v*
and where v; is given by Eq. and satisfies C’g and PC with equality. These two equations

imply

rr; =kj —dtr; + 7TH¢]B (tHj — tLj) - p (WHﬁ]lf_i_ltH + WLﬁ]lf_i_ltL) (95)
rgj =k —dtg; — 7TL¢;3 (tHj — tLj) - p (7THI7JI~‘+1tH + 7TLlA)]L+1tL) , (96)
where 5
(1-a)7B, | +a Imkt,j
Vf = P (97)
(1—a)+a ";If:’J

J
is the marginal rate of substitution between assets and consumption goods for the borrower. Then,
for all j, the contract can be summarized by {q;,t1;,tn;} . The feasibility constraints for r;, and

ry imply the following constraints on g;:

b < oo . (dap — P + B (rHif ty + 7o) tL)) (98)
kj > dtr; — mppf + B (b ty + mriftr) (99)
ki > 1_19H (dap + o] + B (TuOf  ty + mLofytL)), (100)
kj > dtgj + o) + B (madfy ty + wLof g t) . (101)
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Construct the following sequence {v;} 2if {kj,trj,tH;} is such that Eq. holds with equality,
set U;- = ;. If {kj,tr;,tH;} is such that Eq. is slack, let v} be the value attained by the contract
that satisfies Eq. with equality. Since the transfers in terms of consumption good are defined
by Eq. and Eq., this contract is still incentive compatible and feasible. Moreover, k:; > k;
and v > vj. Therefore,

Jli)lgo vi > ]lggo v; =" (102)

and without loss of generality I can concentrate on the sequences {v;} as defined above in Eq.,
such that the loan quantities {k;} satisfy Eq. with equality. Having this constraint hold with
equality implies that rp; = 0pk; + d(ap — tLj). Since k; > 0 always, all contracts along this
sequence satisfy r; > 0, which is the same as satisfying Eq. with strict inequality.

Suppose that for some j Eq. holds with equality. This implies rg; = Oyk; +d (ap — tH;)
and since rr; = 0rk; + d(ap — tr;), this implies that the participation constraint is slack, and
that the producer is giving the non-producer all the gains from the project. From Lemma [6] there
exists a feasible and incentive compatible contract that attains a higher value that contract j and
therefore, without loss of generality one can ignore sequences in which for some elements j, Eq.
holds with equality. O

A.7. Proof of Lemma

The proof follows from the lemmas below.

Note that the marginal utility of the asset for the borrowers and lenders satisfies

p_ (E@)—6L) (, Ukt o Otn oty
V=g (1—-a)+a"™ d+ po Tt L (103)
_ oty E(6)—6 oty Oty
+ ((1 —a) 5”3 +av£kt> ((1 - 8a> 4 (1_)9LL)7TH ( o0 8a>> ) (104)
o7 = puP + (1-p)ot, (105)
vl =d + Bor, and (106)
ol = a% +(1—a) (po* + (1 - p)o?P). (107)

Lemma 9. In equilibrium, t;, = a.

Proof. Suppose t;, < a. Then ty = 0 since Eq. weakly less than zero implies oY < M.
Suppose v > 2. Then,

B =5 ((1 — a)’ﬁB +a5L) < gl < oy,

since ¢* = v which is a contradiction. Therefore, if t;, = 0 it must be the case that v# > v, In
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this case,

B _ o8
v (1—a)+aB%
and
E _ ~B
B = (E0)=01) ((1 —a)+ aBU*> d+ B2, (108)
1-0p q
7P = poP + (1 - p) o, (109)
vl =d + o, and (110)
ﬁL:a%—i-(l—a) (po* + (1 = p)oP). (111)
If WH%;LHL) — 1 > 0 then the first order condition with respect to ¢y is positive which is a
contradiction. If WH% —-1<0
E©) -0 v ~ ~
g <(()L) <7TL <(1 —a)+ QBU*B> ol + 7TH’UB) — ’UB) > (112)
1-— (9L q
d BoP\ (E(0) - 6r) (E(6) —6r)
— | (1- —= 1 11
B1_5<( oz)+ozq*> 10, L+ TH 10, >0 (113)
since v2 > v% and p > 0
vB E(6)—6
o (0o
< -3
which is a contradiction. O
Lemma 10. sign (M — 517L) = sign ((1 —a) (53 — 5L))
Proof. From the definition of ¥® and 1’ we have
P — ot =P — ot (114)
EB * ~
= m*aq —(1-a) By (115)
q*
poP — g -,
:(1_a)( 1( 5)53 _(/BUL_q ) ) (116)
(I-a)+az
where
. ~B BN B L
sign (BU —q ) — (1—a)+aq—* (Bor —q%) :szgn(v - )
since ¢* € [min {GB,'QFL} , max {'63,’6LH. O
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A.8.  Proof of Proposition|]

The proof follows from the lemma below and the derivative of the objective function with respect

to ty in .
Lemma 11. In equilibrium, Bo" < P and po* = B if and only if a =1

Proof. Suppose that 0% > ¢B. Then, ty = ap and t;, = ap. In this case

E () -6 B
UB:(QGLL) <(1a)+a§q*) (d+ﬁ@L) > ol

since ((1 —a)+ a%) %gf” > 1. Then, since p > 0, 7 > oL and

B_ B0 5 BV _ x> gyt 117
v (1—a)+anTB o Bf*B ¢ =00 (117)
which is a contradiction. Thus, go% < ¢B.
Suppose that a = 1, then 8ol = ¢* and
B
PP = e = g = gyt
mkt
9
If po% = B, then
_ ~B B
(1—a)Bo Jro];vmkt _ aq* + (1 . Oé) ,317L (118)

(1—04)—&-047”21*’“5
Suppose that o% > 8. Then vﬁkt = ¢* = vl and Eq. (T18) becomes
(1 - a)o” + av* =%,

which only holds if & = 0.
Suppose that 7% < 8. Then, vﬁkt = Bo8 and TP > ¢* > Bol. In this case,
¢B _ BB > B8 ¢t > 5@L~

_ 7B = pwB
(1 o‘)+aq* 7

Then, to have 9% = % both inequalities above must hold with equality which implies either o = 1

or

B

or both. Suppose v = ¥ in equilibrium, then, ¢* = v” and the marginal valuations must solve,

B_E(0) -0
1—6L
ol = d + ok, (120)

d+ o8, and (119)
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which imply 7% < o7 for p > 0 since E () > 1. O

A.9. Dynamic equilibrium marginal valuations

The marginal valuations of the asset in equilibrium are given by the solution to the following
system

B _ pu” 2 po” x ~L
vo =E(0) ((1704)+aq—*) (v +7H (((1a)+aﬁff) f(aq +(1—a)po ))) (121)

v =d+ag" +B(1-a)t"” (122)
7% =po® + (1 -p)o” (123)
7t =pol 4+ (1 - p)o”. (124)
and
o (P
q" :max{ﬂﬁL,min{OMijfl),ﬂﬂB}} (125)
_B
where af = :—“H and
@5 (a) = (E () (d + WH% + B'ﬁLwL> - mﬂﬁ) a. (126)
) a5

The asset valuations in the system given by Eqgs. (121)) — (126) are analogous to the ones

presented in the static model in Section[3] This system is non-linear in the asset valuations whenever
¢ # BoP.

If ¢* = BvP, the system becomes linear and in equilibrium

d
L
B (a—1)(2p—1)+1 E(§)—1
1-8 <p —E(®) 1*]E(g)(ﬁﬂH()£*pa)(;p*1) (p - 1>> —af(2p-1) 1*E(9)ﬁm(1()1*a)(2p*1)
vB = wol (128)
where

E©)(A—frg (1—a)(2p—1))
1—-E(0) By (1 —a)(2p—1)

For ¢* = o7 in equilibrium it must be the case that

w > 1.

aB -
Wp (“) > 8P (A - al)

TH

which is the same as
(0 (d + 7 B” + Botry) — BoP)al > B(1+p(w—1))

which, from computational examples, holds for a non-empty set of parameters.
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Moreover, the one-period collateral premium
(1 —«)Brmp (vB — vL) = Bpry (1 —a) (w—1)v"
is decreasing in « since

— o)W — UL
Sign(a(a ICEBLE)

> = sign (pB(E(0) —1) — (1 - B))

and BE (0) < 1.
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Appendix B. Online Appendix - not for publication

B.1.  Long-term contract

I show that focusing on short-term contracts is without loss of generality because the sequence of
optimal short-term contracts in the baseline model implements the long-term contract that satisfies

the participation constraints for the lender in periods 1 and 2.

Definition 5 (Long-term Contract). A long-term contract ¥ consists of:
1. A loan amount in period 1, k.
2. Loan amounts in period 2 contingent on the report in period 1, ky, and k.
3. Repayments in terms of the consumption good
i period 1, contingent on the report in period 1, ri, and rg
in period 2, contingent on the reports in periods 1 and 2, rrr, g, THL, and THH.
4. Repayments in terms of assets
in period 1, contingent on the report in period 1, tr, and ty

i period 2, contingent on the report in periods 1 and 2, trr, trm, tar, and tgg.

As in the case of the short-term contract, in equilibrium a long-term contract has to be feasible
and incentive compatible. These conditions are expressed in the following borrower’s problem as
constraints 1 — 3. Finally, I assume that the lender can walk away from the contract at any time
and, therefore, his participation constraints have to be satisfied in periods 1 and 2. These are

constraints 4 and 5 below. The borrower chooses a long-term contract to maximize his expected

utility:
deJiXE (9) k—myp, (T’L + dtL) — Ty (TH + dtH) + (1 + 5) da (129)
+ ﬁ Z v (]E (0) ki — T (TZ'L + dtiL) —TH (TiH + dtiH) — dti) y (130)
i=L,H
subject to:

1. Feasibility constraints at t =1 and ¢ = 2.

2. Incentive compatibility constraints at ¢t =1 :

—rp—dtp, + 3 (E (9) kr —dt; — (T'LL + dtLL) —TH (TLH + dtH)) (131)
=—rg—dtg+ B (E(0) kg —dty —7p (rgr +dtyr) — g (rgg + dtgm)) . (132)

3. Incentive compatibility constraints at t = ﬂ

rip +dtip, = rig +dt;g, 1= L, H.

10Risk neutrality implies that the incentive compatibility constraints at ¢ = 1 and ¢t = 2 can be expressed as one
constraint, as stated in points 2 and 3.
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4. Participation constraint for the lender at ¢t = 1:

kq+ B (rrkr + k) < wp (rp +dtp) + g (rg + dtg) (133)
—i—,@ Z T (dtl‘—i-?TL (TiL —l—dtiL) + Ty (T'iH+dtiH))- (134)
i=L,H

5. Participation constraint for the lender at ¢ = 2:
k; <, (TiL + dtiL) + 7T (TiH + dtiH) ,i=L,H.

In contrast to the case in which only short-term contracts are allowed, using long-term contracts

allows the borrower to directly contract on the loan amounts at ¢t = 2.

Proposition 11. In the optimal long-term contract ¢* :

1. The loan amounts are:

E* =1+ p+pra (E(0) —1))da, (135)
ki =a, and ki*=0. (136)

2. Repayments in terms of consumption good are:

rif =0, rif =ri +da+B(E(0) ~1)da, (137)
r5;, =0, and r3y =0pk}. (138)

3. Asset transfers are:
i7" =a, ty =0, t57=0, and tyy =a.

Proof. Note that the participation constraints for the lender will hold with equality. Using the
incentive compatibility constraints and the participation constraint in the first period, the objective

function for the borrower becomes:
(E (9) — 1) (TL +dt;, + (dtL + ror, + dtzL) + BrgE (9) d (tL — tH)) + (1 + ,8) da.

This implies:

t7*=a, ty =0, t57 =0 (139)
r5; =0, and 77" =0. (140)

Using these expressions in the participation and incentive compatibility constraints gives the con-

tract in the proposition. O
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Corollary 5. The optimal short-term contracts implement the optimal long-term contract.

The proof follows directly from Proposition

Remark. The optimal contract described here resembles the optimal contract in |Bolton and
Scharfstein (1990). However, there are key differences between the assumptions and results in their
paper and the ones presented here. In this paper the presence of a long-lived financial asset allows
for lending to occur with short-term contracts. In fact, the existence of a long-lived financial assets
implies that a sequence of short-term contracts can achieve the same allocation as the optimal
long-term contract which, as in|Bolton and Scharfstein (1990), involves the firm not being operated
if the low state is realized. Moreover, in Bolton and Scharfstein (1990), the firm itself is pledged as
collateral by allowing it to be liquidated in the event of a bad report. Therefore, the asset used as
collateral is needed in order for the firm to operate and, thus, cannot be sold if it wants to continue
operating. In my model, the project available to the borrower are inalienable and the financial asset
that is used as collateral in equilibrium is unrelated to the operations of the firm. This implies that
the borrower can choose to sell his assets and still be able to invest in his project, which is crucial

to answer why assets are used as collateral instead of being sold to raise funds.

B.2. Correlated dividends and returns

In the baseline model I assumed the financial asset was riskless. However, many risky assets
are used as collateral in financial transactions. For example, mortgage back securities (MBS) were
massively used as collateral to finance new mortgages or real estate related securities at the onset
of the 2008 — 2009 financial crisis. This extension allows for risky financial assets whose dividends
may be correlated with the returns of the project operated by the borrower. I show that, consistent
with the widely spread use of MBS as collateral, assets with payoffs highly correlated with the
investment opportunity are better collateral.

Consider the baseline model presented in Section [2| with the only difference being that the
asset’s dividend is stochastic and it is potentially correlated with the return of the borrower’s risky
project. Although the dividends are paid at the end of each period, after the borrower invests
in his risky project, they are known at the beginning of each period. This implies that there is
only uncertainty about the dividend paid by the asset in the second period. The asset’s dividend
distribution is such that:

E (d2|6h = 6;) = d;, for i = L, H,

and
E (dy) = mgdy + mrdp, = d.

Given a dividend ds at t = 2, the borrower’s problem in the second period remains the same.

The value of a borrower who holds a units of the asset at the beginning of the second period is:

VP (a,dy) = E () daa.
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Analogously, the value for the lender of holding a units of the asset at the beginning of the second
period is:
VQL (a,d2) = daa.

Given that the value functions for the borrower and the lender are linear in the dividend level,
it is easy to see that all the results in the baseline model generalize to this extension. In particular,

the asset’s debt capacity becomes:

- VE (a,d Vi (a,d
D=y + i+ gy (V000 Sl
a a
The following proposition shows that assets with dividends that are more highly positively

correlated with the borrower’s project are better collateral.

Proposition 12. Assets that have dividends that are more highly positively correlated with the
risky project have a higher debt capacity, i.e.,

oD

— > 0.
0dm|z

Proof. Since VQLSI’d) =d,
oD
adr|g

= By (E(6) — 1) > 0.
OJ

In the model, the financial asset partly resolves the non-contractibility of the return on the risky
project by allowing the borrower to raise funds. Since in equilibrium the borrower values the asset
more than the lender does, V? (a,dy) — Vi¥ (a,dg) is the endogenous cost of defaulting on the
promised amount, ry — rr,, which allows the borrower to credibly commit to truthfully reporting
the project’s return. An asset that has dividends that are more highly positively correlated with
the return of the risky project has a higher d, which implies a higher cost of default for borrowers.
This higher cost of default allows the borrower to commit a larger amount of consumption goods in

the high state and, thus, increases the debt capacity of the asset, which makes it better collateral.
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